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Preface

This book is intended as an introduction to harmonic analysis, and especially to my
favorite topic, generalized Gelfand pairs. It is aimed at advanced undergraduates
or beginning graduate students. The scope of the book is limited, with the aim of
enabling students to reach a level suitable for starting PhD-research. It is based
on lectures I have given in several places, most recently at Kyushu University in
Fukuoka, Japan (2008). Student input has strongly influenced the writing, and I
hope that this book will help students to share my enthusiasm for the beautiful
topics discussed.

Starting with the elementary theory of Fourier series and Fourier integrals, I
proceed to abstract harmonic analysis on locally compact abelian groups. Here I
follow the classical paper [7] of H. Cartan and R. Godement. It turns out that the
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technique they developed works as well for Gelfand pairs (G, K), where G is a
not necessarily abelian locally compact group, and K is a compact subgroup of
G. This approach is based on my thesis [51]. Finally I develop part of the theory
of generalized Gelfand pairs (G, H) where H is a closed, possibly noncompact,
subgroup of G. The basic ideas are due to E. G. F. Thomas, see for example [49],
and several applications are from my own work [52]. I also draw on papers by
J. Faraut and V.F. Molchanov to deal with examples related to the generalized
Lorentz group.

There is relatively little expository literature on generalized Gelfand pairs, and
there is no standard reference. For further reading, I recommend my Kyushu Lec-
ture Note [53].

The main prerequisites for the book are elementary real, complex and func-
tional analysis. In the later chapters we shall assume familiarity with some more
advanced functional analysis, in particular with the spectral theory of (unbounded)
self-adjoint operators on a Hilbert space. Some knowledge of distribution theory
and Lie theory is also assumed. References to these topics are given in the text.

For terminology and notations we generally follow N. Bourbaki. Proofs follow-
ing theorems, propositions and lemmas are written in small print. The index will
be helpful to trace important notions defined in the text.

Thanks are due to my colleagues and students in several countries for their re-
marks and suggestions. Especial thanks are due to Dr. J.D. Stegeman (Utrecht)
whose help in developing the final version of the manuscript has greatly improved
the presentation.

Leiden, September 2009
Gerrit van Dijk

The picture shows Snellius’ quadrant. Snellius (1580-1626), best known for Snell’s law on the
breaking of light, used this quadrant to measure the earth. It is now on display in the Museum
Boerhaave at Leiden. The building of the Leiden Mathematical Institute is named after Snellius.
A replica of the quadrant was offered to me on the occasion of my retirement and placed in the hall
of the Snellius building.
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Chapter 1
Fourier Series

Literature: [12], [25], [61].

1.1 Definition and elementary properties

We denote by T the unit circle in the complex plane. Functions on T can be
identified with periodic functions on the real line R, for example with period 1,
via the mapping x — e2™* (x € R). All functions are supposed to be complex
valued. Set
» L1(T): the space of Lebesgue measurable periodic functions f on R with
period 1, satistying || f|l1 = [y | f(x)|dx < oo,
« L?(T): the space of Lebesgue measurable periodic functions f on R with
period 1, satisfying || f||» = (fO1 | £(x)]2dx)'/? < 0.
Notice that L2(T) ¢ L(T).
Let f € LY(T). The n™ Fourier coefficient a, of f is defined by

1
an, = / f(x) e—2mnxdx
0

where n € Z, the set of integers. We also write a, = a,(f). The series
tho:—oo a, e?™"* is called the Fourier series of f. The series does not need
to converge for all x, and, moreover, if convergence takes place, the sum is not
necessarily equal to f(x).

Here are some elementary properties:

an(af + Bg) = aan(f) + Ban(g) forall f,.g € L'(T),
a,peCandn € Z,

lan(f)] < || f|l1 forall f € LY(T)andn € Z. (1.1.2)

(1.1.1)

If f is any function, integrable on the interval [a, b], then one has

b .
lim / F(x)e 27inxgx = 0.
a

|n|—>o00

This is easily shown by approximating f with continuously differentiable func-
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tions on [a, b] and then applying partial integration. In particular we thus obtain

lim an(f)=0forall f € L'(T). (1.1.3)

|n|—o00
Furthermore we have:

If f € L>(T),then 3 °° lan|? is convergent

n=—oo

(1.1.4)
and one has Y 00 _ lan|® < || f1I3.

The latter result is nothing but the Bessel inequality in the Hilbert space L?(T)
with respect to the orthonormal system {e?7!"*}, 7. In fact, as we will see later
in Section 1.5, we have equality.

1.2 Convergence

In this section we start finding criteria for the convergence of the Fourier series

of f.
Let f € L(T) and define Sy ( f, x) = Zflv:_N an(f)e?™ "X We may write

N 1
SN(fx)= > / F(r) e 2min=x) gy (1.2.1)
n=—N"0

-1 F® sin (¢t — x) di

1/2
- /0 G0+ fx— )

/x"'; sin2N + )m(t — x)

sin(2N + l)nyd
—_— y.

sinmy
The function y > SMGNEDTY i called the Dirichlet kernel of Sy. If we take
f(x) = 1, then we get fol/ 2 Wdy = 1. Fourier already posed the

following question. Does Sy ( f, x) converge to f(x) at each point x? In almost
all points x? In at least one point x?

We shall say that a function f on R has a discontinuity of the first kind at x if it
is discontinuous at x and both one-sided limits f(x + 0) = limy o f(x + &) and
f(x —0) = limp4o f(x + h) exist and are finite.

We have the following result:

Theorem 1.2.1. If f(x) is a periodic function with period 1, which is continu-
ous on every finite interval, except for finitely many discontinuities of the first
kind, then Sy (f,x) converges for all x where the one-sided limits f'(x + 0) =
limy o w and f'(x —0) = limpyyg w exist and are
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finite to %{f(x +0)+ f(x —0)}. In particular, Sy (f, x) converges to f(x) at all
points where f is differentiable.

From the conditions on f it follows that f is bounded and f € L'(T). Then we have for
all x, applying (1.2.1),

fE+0)+ fx—0) _ (12

Sn(f.x) - 3 |

¢(y) sin@N + )y dy,

where
{f(x+y)—f(x+0)}+{f(x—y)—f(x—0)}.

sinmy

d(y) =

For every x for which f/(x 4+ 0) and f’(x — 0) exist and are finite, the function ¢ (as a
function of y) is continuous on [0, %], except for at most finitely many discontinuities of
the first kind. Hence ¢ is bounded on [0, %] and integrable. The theorem now follows from
the remarks just preceding (1.1.3).

Examples
1. f(x) = x— % 0 <x < 1), f(0) = f(1) = 0and f is periodic with
period 1. We obtain ag = 0, a,, = —ﬁ (n # 0). Applying Theorem 1.2.1
givesx — 1 = L1390  SATAX for ) < x < 1. Taking x = §, we get
7 b 11l
4 35 79

2. The “saw™: f(x) = |x — %| (0 < x < 1) and periodic with period 1. We
1—(=1)"

e 1 —
obtain: ag = z,an = ;7,5

(n # 0). Applying Theorem 1.2.1 gives

I 1 2 & cos2n(2k + )x
_l=4= for0 < x < 1.
|x J 4+nzg% Ok + 12 U=t =S

Taking x = 1 we get Y rep m = %2. Observe that the Fourier series
converges uniformly to f(x) in this case.

1.3 Uniform convergence

We now investigate the (uniform) convergence of the Fourier series itself.

Theorem 1.3.1. If f is a periodic function with period 1 and Fourier coefficients
an, continuous on each finite interval except for at most finitely many discontinu-
ities of the first kind, then we can integrate f by integrating its Fourier series term



4 1 Fourier Series

by term. For all x we have

x .
/O f@0ydt =aox + ) 273—”1 (e2Tinx _ 1),
n#0

Letfor0<x <1, F(x) = fox{f(t)—ao}dt, sothat F(0) = F(1) =0and F/(x—0) =
f(x—0)—ag, F'(x +0) = f(x + 0) — ag for all x. Extend F periodically to R.
Denote the Fourier coefficients of F' by A,. By partial integration we find, for n # 0,

/ Fleye 2y

1
Ay :/ F(x)e 2™in¥ gy =
0

From the inequality

q 1/2 , 4 1 1/2
2
Z‘Zﬂln‘ (Z|an| ) (Z 4712112)
n=p n=p

(0 < p <gorg < p < 0)itfollows, taking into account that € L?(T) and (1.1.4), that
the Fourier series of F* converges absolutely and uniformly on R. From Theorem 1.2.1
now it follows that F(x) = Y o2 Ap e2” "X for all x. Hence, in particular, 4y +

Y onzodn = F(0) = 0,50 Adg = =3, . 5% Forevery x with 0 < x < 1 we thus
have

2mwin 2mn

/ f@)dt = F(x) + aox = apx + Z 27nn( eXminx 1),
A function f on R is said to be smooth if:
(i) f is continuous,
(i) f is, in addition, continuously differentiable except at a set of points of which
each bounded interval contains only finitely many, and
(iii) at these points the left and right limit of the derivative f’ exist.

Theorem 1.3.2. Let [ be periodic with period 1 and smooth. Then the Fourier
series of f converges uniformly to f(x).

We shall apply Theorem 1.3.1. One clearly has f(x) = fox f'()dt + f(0). Notice that
f fulfills the requirements of Theorem 1.3.1. So applying this theorem we get for all x
with0 < x <1,

f(x) = f(0) = aox + Z 27”” (€7 —1).
n#0

Here a,, is the ™ Fourier coefficient of f’. In particular we have ag = fol f(t)dt = 0.So

f(x) = f<0>+2 (T 1)
n;éO




1.4 Some facts about convergence of Fourier series 5

This series, with sum f(x), converges absolutely and uniformly (see proof of Theo-
rem 1.3.1) and is the Fourier series of f.

Example 2 (Section 1.2) provides a nice application of Theorem 1.3.2.

Remark 1.3.3. Alternatively, Theorem 1.3.2 can be proved without using The-
orem 1.3.1 (which is of independent interest). Indeed, by Theorem 1.2.1 we
have f(x) = limy_co Z,JIV:_N ane®™"* for all x. The series Y oo _ . |an|
is clearly convergent, since for n # 0, a, = %lfn/) (see above). Hence we have

fx) =322 ane®™"* the series being absolutely and uniformly convergent.

1.4 Some facts about convergence of Fourier series

Throughout this section f is periodic with period 1.
1. There exists a continuous function f whose Fourier series diverges at one
given point only (Du Bois—Reymond 1876, Fejér 1911).
2. There is a locally integrable function f for which the Fourier series diverges
almost everywhere (Kolmogoroff 1923).

3. There is a locally integrable function f for which the Fourier series diverges
everywhere (Kolmogoroff 1926).

4. Let E be a set of Lebesgue measure zero. There exists a continuous function
[ for which the Fourier series diverges on E only (Kahane, Katznelson 1965).

5. If f € L?(T), then Sy ( f. x) converges a.e. to f(x) (Carleson 1966), cf. [48,
Chapter 7].

6. If f € LP(T) (p > 1), then Sy(f, x) converges a.e. to f(x) (Hunt 1968).
A new proof has been given by Fefferman (1973), see [16].

1.5 Parseval’s theorem

Let f be a continuously differentiable function on R with period 1. By Theo-
rem 1.3.2 the Fourier series of f converges uniformly to f(x). In particular we
have:

Lemma 1.5.1. Every periodic continuously differentiable function f can be uni-
formly approximated by trigonometric polynomials Z,jlv __ g an€>Tinx,
Corollary 1.5.2. The mapping f + (an(f))32_o from L1(T) to the space co
consisting of all sequences of complex numbers ¢, with 1im|,| o ¢n = 0 is injec-
tive.



6 1 Fourier Series

This mapping is far from being surjective (see [12, p. 37]).

Corollary 1.5.3. Let [ be continuous and periodic with period 1 and Fourier co-
efficients an. If Y oo _ o lan| < oo, then f(x) =Y o 4, eXTinx,

We now turn to functions in L?(T). By Lemma 1.5.1, every f € L?(T) can
be approximated in L?-norm by finite linear combinations 2’11\!:_ oy An€3TIx,
Therefore {€27/"*}, <7 is an orthonormal basis of the Hilbert space L2(T). This
gives:

Theorem 1.5.4 (Parseval). For every f € L*(T) its Fourier series converges to f
in L?-norm. In particular

> lan(HIP = 11115 (15.1)
nez
Example. Let f(x) = x —% (0<x<1), f(0)= f(1) =0and f periodic with
period 1. Relation (1.5.1) then yields Y 72, nLZ = %2. Similarly, taking f(x)2,

. 4
we obtain ) 52, 4 = 5., etc.

1.6 Generalization

The previous sections can be generalized to functions on T”, or, in other words, to
functions f = f(x1,...,x,)on R” with the property f(x1+k1,...,xn+kn) =
f(x1....,xp) forall ky, ...k, € Z. Writing for f € L1(T")

/Tnf(x)dx:/01"'/01f(xl,---,xn)dxl...dxn

and using the notation (x,y) = Y 7, x;yi if x = (X1, ..., %n), ¥y = (V1,- -, Vn),
the Fourier coefficients of f € L1(T") are given by

ap = /T ) Fx)e 2T R gy

where k = (k1,....ky) € Z".
2 2 .
Let A = 8‘1—2 + -+ £C—2 be the Laplace operator and assume that A™ f exists
1 n
and is a continuous function for some f € L!(T"). Then the Fourier series

> egn are*™ (k) of f converges uniformly to f(x) as soon as m > [5]. We
leave this as an exercise.



Chapter 2
Fourier Integrals

Literature: [1], [6], [19], [44], [38], [25].

2.1 The convolution product

We first devote some words to the convolution product of functions on R. All
functions that we consider are again complex-valued.

Let f and g be two Lebesgue integrable functions on R. Then the function
(x,¥) = f(»)g(x — y) is measurable on R? and one has

/_ /_ f () gx — y)ldxdy = f £y / gldx = 1/ lglh.

—00

By Fubini’s theorem the integral

/_ SO glx—y)dy (2.1.1)

exists then for almost all x. We write
o0
(o= [ f0re -y
—00

and call it the convolution product of f and g.
Also, by Fubini, f * g is an integrable function and one has

If*gl<1flliglh-

From the well-known Holder inequalities we conclude that the convolution product
f * g, defined by the same formula (2.1.1), exists everywhere if f € LP and
g € L9 where % + % =1, p > 1. Furthermore we have, in summary,

Theorem 2.1.1. (i) If f.g € L'(R), then f * g € L'(R) and ||f * g|1 <
1A Milglls

(i) If f € LP(R), g € LY(R) (% + é =1, p > 1), then [ * g is a continuous
function which vanishes at £o0. In addition we have || f *g|loco < | flpllgllg-
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(iii) If f € LY(R) and g € L®(R), then f * g is a bounded continuous function.
One has || f * glloo = [ f 11118 ]loo-

The result in (ii) can be proved by approximating f and g by continuous func-

tions with compact support. In (iii) we approximate f by such functions. In both

cases one applies that continuous functions with compact support are uniformly
continuous.

Remark 2.1.2. In the same way, by applying Minkowski’s inequality, one shows:
if feLlandge L? (p>1),then fxge LPand | f *glp, < fll1lglp-

" Notice that the convolution product, if it exists, is commutative. Let us define
f(x) = f(—x) (x € R). Then L1 (R) is, with the addition, the L!-norm, the con-
volution product and the involution f +> 7, a standard example of a commutative
Banach algebra with involution.

2.2 Elementary properties of the Fourier integral

We now introduce the Fourier integral and present some of its properties.
For f € L'(R) we define

70) = /_ F) e dx  (y €R). 2.2.1)

We call ? the Fourier transform of f, also denoted by ;’\ =Ff.
We list some elementary properties (without proof):

(@ (c1fi +cafa) =c1f1+cafaforer,co €Cand f1, f» € LY(R).

®) || < |/, 7 is continuous and limy |, £ (y) = Oforall / € L' (R)
(compare this with (1.1.3)). The latter result is often called the Riemann—
Lebesgue lemma.

© (fxg) = f-gforall fge L' (R).
@ (F) =7 forall f e L'(R).
) Let (Lt f)(x) = f(x — 1), (M, f)(x) = f(px), p > 0. Then

(Lef) () = e 2 F (),

~

[ @] 0) = @ D).
M7 ) = 7(2)

forall f € L1(R).
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Examples

1.

Let A > 0 and &4 the characteristic function of the closed interval [— A, A].
< A -
Then G4 (y) = 224 (3 o£ 0), B,4(0) = 24.
Set
|x| for|x| <1,

1—
A(x) =
0 for |x| > 1,

(triangle function). Then A = ®;/, * ®;/,, so K(y) = (%)2 (y #0),
A(0) = 1.

Let T be the trapezoidal function:

1 if x| <1,
T(x)=492—|x] ifl<|x| =<2,
0 if x| > 2.
Then T = ®y/, * @35, hence T(y) = % (y # 0) and 7'(0) = 3.
Let f(x) = e @l g > 0. Then f(y) = azﬁ‘%.

Let f(x) = e_“xz,a > 0. Then we get by complex integration ?(y) =
\/ge_”zyz/“. In particular ?(e_’”‘z) =e 7,

For a proof we might refer to [41].

2.3 The inversion theorem

Theorem 2.3.1. Let f € LY (R) and x be a point where f(x + 0) and f(x — 0)
exist. Then one has

_ S+ 0+ fx—0)
u |

lim /oo ?(y) e2mixy e—4n2ay2dy
(XJ/O —00

Step 1. One has

)
f () e27ixy e—4n2ay2dy
—00

00 00 ) s o
— / / f([) e27rl(x—t)y e—47r ay dtdy
—o00 J—o00

(e} o0
/ f(@) |:/ e4mtay? ez’”(x_’)ydy:| dt by Fubini’s theorem
—00

—0o0

1 o 2 1 © 2
- =04y — —1?/4a gy
W /_Oof(t)e t Wi /_oof(x+t)e t
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Step 2. We now get

/ T ()i ety {f (x+0)+ flx— 0)}

2

N ﬁ /Ooo [(fGc+0) = fx =0} +{f(x —1) = f(x —O)}] e~ /*as

1
2«/7ra/0 2«/7raL ! 2

where § > 0 still has to be chosen.

Step 3. Set () = | f(x +1) — f(x +0)+ f(x —t) — f(x —0)|. Let e > 0 be given.
Choose § such that ¢ () < /2 for |¢t| < &, ¢ > 0. This is possible, since lim, o ¢ (t) = 0.
Then we have |I1]| < &/2.

Step 4. We now estimate I,. We have

I SRR N L IO
2@[3 o ear = == |5

|I>] <

Now |, 800 %d t is bounded, because

e |f(x +1)] |f(x —1)] 1 f(x+0)— f(x —0)]
/8 e dt_[ —[ dt-i—[g 2 dt+/8 dt

[2

_82IIf||1+ {If(X+0) Jx=0)}.

Hence limy o 12 = 0, so [/2| < &/2 as soon as « is small, say 0 < o < 7.

Step 5. Summarizing: if 0 < o < 7, then

o0 —
'/_oo f(y) eZﬂixy e—47'r20!y2dy _ f(x + 0) —2i_ f(x O) <e
Remark 2.3.2. (a) Under the conditions of Theorem 2.3.1 one shows in a similar
way
f(x+0)+ f(x—=0)
2 9

o0
lim [ T (1) e¥rixt gmeltl gy —
a»LO —00
and also

lim
a—o0 [_

¢ (1_|;_|) ?(t)ez’”x’dz: f(X+0)-2|-f(x—O)'

o
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(b) One can show, by careful reconsidering our proof, that for every f € L! the
three above limits converge almost everywhere to f(x). One uses the so-called
Lebesgue set of f. See [19], [44].

(c) If £ € L' and if x is a point where f(x+0), f(x—0), f/(x+0) and f'(x—0)
exist, then one can show, almost in the same way as in the proof of Theorem 1.2.1,
that

R
-~ : 1
lim / F) e dt = — [f(x +0) + f(x —0)].
R—oo J_R 2
Corollary 2.3.3. If both f and ? belong to L' and f is continuous in x, then
w —~~ .
| Foremiay = s,
—0o0

Corollary 2.3.4. Let | € L' and ;f\ > 0. If f is continuous in x = 0, then one
has f € L and therefore

ﬂ®=/ 70 dr.

Corollary 2.3.3 is easily proved by applying Lebesgue’s theorem on dominated
convergence; Corollary 2.3.4 is a consequence of Fatou’s lemma.

Remark 2.3.5. When does /f\ belong to L'? Here differentiability of f plays a
role (as in the case of Fourier series). One has for example:

If f e L, f continuously differentiable, f' € L' N L?, then ?/(y) =
(2miy) ?(y), hence f € L! (use Theorem 2.4.1 for example).

Applying this to ¢ € Cc(l)(R), we easily get ¢ € L! and, using Corollary 2.3.3
for ¢,

o0 o0 ~
| rwemis = [ Fenawar
—0o0 —00
forall f € L!. Hence, if ? = 0, then f = 0 almost everywhere. Consequently:

Corollary 2.3.6. The mapping ¥ : L' — €y (R) is injective.

Here €y (R) is the complex vector space of continuous functions f on R satis-
fying lim|x| o0 f(x) = 0.
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2.4 Plancherel’s theorem

Theorem 2.4.1.If f € L' N L2, then f € L% and || f |2 = || f 2.

Let f be a function in L' N L2 Then f % f isin L' and is a continuous function.
Moreover (f * f) = | f]?. According to Corollary 2.3.4 we have | f|?> € L!, hence
f € L. Furthermore

£ = / () Pdx = [ 7 )Pdy.

—00

So [ £lla = 17 lla-

The Fourier transform is therefore an isometric linear mapping, deﬁned on the
dense linear subspace L' N L2 of L2. Let us extend this mapping ¥ to L2, for
instance by

k .
F f(x) = kli)rrolo/k f(t)e 27Xt gy (L?-convergence).

We then have:

Theorem 2.4.2 (Plancherel’s theorem). The Fourier transform is a unitary opera-
tor on L.

Forany f, g € L' N L2 one has
[ rermax = [~ Fwewar.

Since both [%° f(x)(Fg)(x)dx and [% (F f)(x)g(x)dx are defined for f,g € L2,
and because

[ roEomax| <1717l = 1 algl

|| weds| <17 £lgla = 1 lalgl

we have for any f, g € L?

/_ FF ) x)dx = /_ F F) g ().

Notice that ¥ (L?) C L? is a closed linear subspace. We have to show that ¥ (L?) = L2.
Let g € L2, g orthogonal to ¥ (L?), so f (F f)(x)g(x)dx = 0 forall £ € L2. Then,
by the above arguments, f F(F g)(x)dx = 0 forall f € L?, hence ¥(g) = 0.
Since [|gll2 = [|F gll2, we get g = 0. So F (L?) = L.
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2.5 The Poisson summation formula

This formula, which is of independent interest, plays an important role in algebraic
number theory.

Theorem 2.5.1. Let f be a continuous L'-function such that
(i) > ,ez | f(x + n)| is uniformly convergent on [0, 1],

() Y ez |?(n)| is convergent.
Then one has Y-,z f(n) = 3 ez f (n).

The function ¢(x) = Y,z f(x + n) is periodic with period 1, and continuous (by (i)).
Its Fourier coefficients are

1 1
an :/ P(r)e it g = Z/ f(t +k)ye2mint gy
0 kez”’°
k+1

_ Z/k F@) e dr = F ().

keZ
By (ii) we have ) |a,| < oo; hence, since ¢ is continuous,
P(x) = Z a, e¥™"*  (by Corollary 1.5.3).
nez

So we get

Y Fmem ™ =p(x) =Y flx +n).

nez nez

The theorem now follows by taking x = 0.

Example. Take f(x) = e=4* witha > 0. We get
2 T 2,2
Ze—an — | Ze—n n /a‘
nez a nez

This gives a well-known identity for theta functions in algebraic number theory.

2.6 The Riemann-Stieltjes integral and functions
of bounded variation

We introduce the Riemann—Stieltjes integral for functions from R to R. Our ap-
proach resembles that in [59, Chapter I].

We begin with the Riemann—Stieltjes integral on a closed interval [a, b]. From
now on g is an increasing function on [a, b]. Let f be a bounded function on [a, b].
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We denote by V' a partition of [a, b]:

a=Xx9g<x1<--<xp,=>b.

Define
Sy =Y _(sup; f) (g(xi) — g(xi-1)).
i=1
sy =) (infi £) (g(xi) — g(xi-1)).
i=1
Here
sup; f =sup{f(x):xj—1 <x < x;}
and

inf; f = inf{ f(x) : x;—1 < x < x;}.

Set S = infy Sy, s = supy sy. The function f is called Riemann-Stieltjes (R-S)
integrable with respect to g if S = s. The common value is denoted by

[abf(x)dg(x) or /abfdg.

The function g is called a weight function.
The following theorem can be proved similarly to the case g(x) = x, the case
of the Riemann integral.

Theorem 2.6.1. (i) The function f is R-S integrable with respect to g if and only
if for any € > 0 there is a partition V of [a, b] such that Sy — sy < e.

(i) If f1 and f> are R-S integrable with respect to g, then so is a1 f1 + aa fa for
all 1, a5 € R. Moreover

b b b
/(a1f1+a2f2)dg:oe1/ fldg+062/ fadg.

(iii) If f1, f» are R-S integrable with respect to g and fi < f> then fab fidg <

b
[, f2dg.
(iv) If f is R-S integrable with respect to g, then so is | f | and

[ rag] = (15106

(v) Any continuous function on [a, b] is R-S integrable on [a, b].
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Here are some more properties.

Theorem 2.6.2. (i) Let g be a continuously differentiable weight function. Then
for all continuous functions [ on [a, b] one has

/abfdg=/abfg/dx.

(ii) Let g1 and g be two weight functions on [a,b] and oy, oy positive real
numbers. Then a1g1 + a2g2 is a weight function on [a, b] and

b b b
/ fd(aigr +az82) =0ll/ fdg +062/ fdga,
a a a

for all continuous functions f.

(iii) Let g be a weight function on [a, b). The set of points of discontinuity of g is
countable.

(iv) Let g and h be two weight functions on [a, b]. Let g(x) = h(x) at all points
Xx where g is continuous. Then one has

b b
/ fdg - / fdh= £(b)[g®) - hB)] - f(@)[g(@) — h@)].

for all continuous functions f.

(v) Let g be a weight function on [a,b). Then |, : fdg = 0 for all continuous
functions f if and only if g(x) = constant.

Clearly, (i) is easily shown applying the mean value theorem. For (iii) one considers the
union of the sets V,, = {x : g(x +0) — g(x —0) > 1/n}. The proof of the remaining
properties is easy and is left to the reader.

Clearly, one may assume that weight functions g are normalized by g(a) = 0
and g left continuous, applying the above properties (iv) and (v). For such weight
functions g1, g» one has

b b
/ fdg: = / f dg» for all continuous f if and only if g1 = g». (2.6.1)
a a

A linear form . on Ca, b), the space of real-valued continuous functions on [a, b],
is called positive if u(f) > 0 when f > 0.
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Theorem 2.6.3 (Representation theorem of F. Riesz, without proof). Let pu be a
positive linear form on Cla,b]. Then there exists a weight function g on |[a, b]
such that

b
uU)=/afdg
for f € Cla,b].

Definition 2.6.4. Let g be a real function on [a, b].
(i) The total variation Vab (g) of g on [a, b] is defined by

n
Vab(g) = sup{z lg(xi)—gxi—1)]|:a=xo<x1<--<Xp,=b,n> 1}.

i=1
(i1) The function g is said to be of bounded variation (b.v.) if Vab (g) < o0.

Here are some properties of functions of bounded variation:
(a) Any monotone function g : [a, b] — R is of b.v. and Vab (g) =lgb)—g(a)l.
(b) A continuously differentiable function g is of b.v. and Vab (g) < M(b —a),
where M = sup{|g’(x)| : x € [a, b]}.
(c) Not every continuous function is of b.v. Consider for example on [0, 1] the
function

g(x) =xsin(l/x)if x # 0, g(0) = 0.
(d) If g : [a,b] — R is of b.v., then g is bounded.
(e) If g : [a,b] — R is of b.v., then g is Riemann-integrable.
(f) If g : [a,b] — R is of b.v., then for all ¢ € [a, b],
Vi(g) + V() = VJ(9):

Lemma 2.6.5. A function g : [a,b] — R is of b.v. if and only if there are weight
functions g1 and g, on [a, b] such that g = g1 — g».

By property (a) above, weight functions are of b.v. So if g; and g, are weight functions,
g = g1 — g2 is of b.v. Conversely, let g be of b.v. Then choosing g1(x) = V*(g) and
g>» = g1 — &, g1 and g, are weight functions.

Let now g be of b.v. and select weight functions g; and g, suchthat g = g;—g».
For continuous functions f : [a, b] — R one defines

b b b
/f@:/ M&—/f@z (2.62)

This definition is clearly independent of the selected splitting g = g; — g2 of g.
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In particular one may assume g(a) = 0 and g left continuous.
One can even write g(x) = g1(x) — g2(x) with weight functions g; and g»
satisfying V¥ (g) = g1(x) + g2(x). Indeed, choose
1
g1(x) = [V (®) + g ().

£200 = V(@) ~ g

Then we immediately obtain Vab (g) = Vab (g1) + Vab (g2). In particular

b
/ fdg| = 1 flloo- V2 (@) (2.63)

forall f € Cla,b].

We are now going to define the Riemann—Stieltjes integral on the line R.

Let g be a function on R, which is of b.v. on every closed bounded interval
[a, b]. Denote by C.(R) the linear space of all real-valued continuous functions
on R with compact support. For any f € C.(R) the integral

[o') b
/_ £ dg (=/ fdg if Supp f C [a.b])

exists and one has

b
| rdg] < 151 VI

if Supp f C [a, b]. Observe that f_oooo f dg is well-defined. The function g is said
to be of bounded variation on R if

sup Vab(g) < 00.
a,b

Clearly, such a function g is bounded. Again we can write g as a difference of two
bounded weight functions. Moreover one can then easily define

[ ris

for any bounded continuous function f.
The number V(g) = sup, p Vab (g) is called the total variation of g. Again one
has

| /_: fdg| <11/ llos V(®).

Here are some results (which we state without proof).
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Theorem 2.6.6. (i) Let u be a real continuous linear form on C|a, b], provided
with the supremum norm. There exists a function g of b.v. on C|la,b] such
that u(f) = fab fdg forall f € Cla,b]. Furthermore, ||p| = Vab(g).

(ii) Let u be a continuous linear form on C.(R), provided with the supremum
norm. There exists a function g of b.v. on R such that u(f) = ffooo f dg for
all f € C.(R). Furthermore, || 11| = V(g).

Remark 2.6.7. The above theory has motivated Bourbaki to give the following
definition, see [5, Chapter IV] and also Chapter 4.
* Let X be a locally compact topological space and C.(X) the linear space of
the real-valued continuous functions on X with compact support.

e A measure . on X is areal linear form on C,(X) such that for any compact
subset K C X,

(NI = Ckll flloo

for all f with Supp f C K. Here Ck is a constant, only depending on the
choice of K.

* The measure is said to be bounded if Ck can be chosen independently of K,
hence if u is a continuous linear form on C. (X ) with respect to the supremum
norm.

Up till now we have been considering integration of real-valued functions. In
an evident way one can extend the theory to complex-valued functions.

Finally we give two important theorems (see [59]).
Theorem 2.6.8. Let g1, g2, . . . be left continuous weight functions on R such that

lgn(t)] < M foralln and t (M > 0, a constant). There exists a subsequence
ny < np < n3 <--- and a weight function g such that

lim g, (t) =g) ( €R).
k—o00
Moreover,
o0 o0
lim / S dgn, :/ fdg
k—00 J o0 —00
forall f € C.(R).

Theorem 2.6.9. Let f, f1, f2, ... be continuous functions on R, | f,(¢)| < M for
some M > 0 and all n,t and let limy, oo fn(t) = f(t) forallt € R. Let g be a
function of b.v. on R. Then

lim /_ o) dg(0) = /_ £(0) dg (o).

n—o00
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Theorem 2.6.8 is a consequence of a theorem from functional analysis saying
that the unit ball in the dual of a normed space is sequentially compact in the
weak topology. Theorem 2.6.9 is a variant of Lebesgue’s theorem on dominated
convergence applied to the measure corresponding to g (i.e. to dg and dg, if

g =81 —&2)

2.7 Bochner’s theorem

Definition 2.7.1. Let ¢ be a complex-valued function on R. It is said to be positive-
definite if for any » and any n-tuple of real numbers x1, ..., X, and any n-tuple of
complex numbers A1, ..., A, the following inequality holds:

n
Z Aidj @(xi —xj) > 0.

ij=1

We shall denote by P the set of all positive-definite (p.d.) functions ¢ on R.

Here are some examples of functions in P: ¢ = 1, ¢ = u xu (u € L?),
¢ (x) = e 27¥ (x e R, t € R).

Some properties. Let ¢ € P. Then
(@) ¢(0) =0,

(b) le(x)| < ¢(0) for all x,

©) ¢ =79.

To prove these properties, consider the positive-definite matrix

( ¢(0) ¢(X))
p(=x)  ¢(0)
Let g be a bounded weight function on R. Then the integral

o(x) = / 2T dg (1)

—0o0

exists for all x € R and ¢ is continuous (apply Theorem 2.6.9).

Theorem 2.7.2. Let g be a bounded weight function on R. Then

o(x) = / 27 g (1)

—00

is a continuous function in P.
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We only have to show that ¢ is p.d. Solet x1,...,x, in R, A,..., A, in C. Then

> ATwely —x0) = D0 ATk [ et ag(
—00

Jik=1 Jjk=1

_ /oo (Z/\je_zmxﬂ) (Z Ee%rixkt) dg(1)
T \j=1 k=1
oo n 2

:/ ZAjGZnint
—oo | i

dg(r) = 0.
This is one part of Bochner’s theorem. The second part says:

Theorem 2.7.3. Let ¢ € P be measurable (so ¢ € L°°). Then there exists a
bounded weight function g on R such that

P(x) = /_ e 27X da(r) (a.e.).

Bochner himself assumed ¢ continuous and showed that the equality holds
everywhere. F. Riesz weakened the condition on ¢ in the form as stated in the
theorem.

Corollary 2.7.4. Any p.d. function ¢ € L° NP coincides a.e. with a continuous
p.d. function.

We shall show Theorem 2.7.3. We begin with a few lemmas.

Lemma 2.7.5. Let ¢ € P. For any ¢ > 0 the function ¥ given by ¥(x) =
e—ex’ o(x) (x eR)isinP.

It is well known that

e—ex2 — z /«oo e—n2t2/£ e2mixt gp
& —00
Hence

& J—
— D Ay (% — k)

J.k

— le)tk(/)(xj —xz) f o T e Q2mi(x; =Xt gy

ik —o0

_ /oo e_;ﬂﬂ/s{Z (Ajezﬂixjt) (He—zmxkt) ¢(Xj - xk)}dl > 0.
—00

Jjk
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Lemma 2.7.6. Let ¢ € L' N P. There exists € L? such that
@ ¢=75v,

(b) ¥(x) =@(-x) ae,

© ¥(x)=0.

Since |g0|2 < ¢(0) ||, the function ¢ belongs to L? N L!. By Parseval’s theorem there
is ¥ € L? with ¢ = F . Property (b) is now immediately seen by applying the inverse
Fourier transform ¥ : ¥ (F)y (x) = ¥(x) = F¢(x) = ¢(—x) as functions in L2, so a.e.
It remains to show property (c): ¢(x) > 0 for all x. We know that

2”: AjAr @(x; — xx) >0 and hence Xn: e_2”it(x-/_xk)ga(xj —xx) > 0.
Jk=1 jk=1
Integrating this expression with respect to x1, ..., x, from 0 to N yields:
e the terms with j = k give n N"¢(0),
e the terms with j # k give n(n — 1) N2 fON fON e 2mit=w (x —y) dxdu.

Together we get
N N ,
ne(O)N" + n(n — I)N"_Z/ / e 2T o (x —u) dxdu > 0.
o Jo

Divide this expression by n(n — 1)N"~2 and let n — oo; we obtain

/ / e 2 (x — ) dxdu > 0.
N

We shall compute this expression. We have

N/ du/ —2mit(x—u) ( u)dx _ _/ du/ Z”itx<p(x)dx.

Changing the order of integration in the latter expression yields

1 N ) N—x 1 0 . N
—/ e 2Ty (x) dx / du + —/ e 2" (x)dx - du
N Jo 0 N J-n —x

= /ON efz”"’xgo(x)(l — %) dx + /_(:V e*Z”"’xfp(x)(l — %) dx
= /1; e—27tixt¢(x)(l _ |])\C/_|) d

w .
- / 2Tt (x) Ay (x) d,

—0o0
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where Ay (x) = A(5) (for the definition of the triangle function A, see Section 2.2).
Therefore

o0
/ e 2" y(x)An(x)dx =0 forall N > 0.
—00

Now limy o Ay (x) = 1 for all x. By Lebesgue’s theorem on dominated convergence
one obtains, since ¢ € L,

oo
/ e 2" p(x)dx > 0 forallt € R.

Lemma 2.7.7. Set 65 = AN. Then for any ¢ € L one has

lim Sy * @(x) = p(x) a.e.
N—oo

Recall that § (x) = ﬁ (%)2 ifx #£0, 5(0) = N.

1

(a) Assume firstly that ¢ € L'. Then one has

lim Sy *@(x) = lim Ay % ¢(x)
N—o0 N—o0

lim /N /oo (1 - m) e 2 p(x — y) dtdy.
N—oo J_N J-so N

Changing the order of integration (Fubini’s theorem) gives

N
lim §y % @(x) = lim / (1 — m) e2mixt
N—o0 N—oo J_N N
by Remarks 2.3.2 (a) and (b).
(b) Let now ¢ € L. Set for s > 0,

orld) = {w(t) ifle] <,

~

et)dt = p(x) ae.

0 if [t] > s.
Then ¢5 € L. Hence, according to (a),

N

lim Sn(x —=t)p(t)dt = p(x) for|x| <s, ae.

N—oo J_¢
1 lp(7)
< dt
~ Nn? /Itzs (x —1)?

1 dt
Vo2 19l v G0 for |x| <s.

So for |x| < s we obtain limy o f‘t|>s SnN(x —t)p(t)dt = 0. Hence

Furthermore we have

/| g

IA

lim /00 Sn(x —t)p(t)dt = p(x) ae.

N —o0
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We now arrive at the proof of Theorem 2.7.3.

Forn = 1,2,...let ¢,(x) = e_xz/”ga(x). Then clearly ¢, € L' NP by Lemma 2.7.5,
and by Lemma 2.7.6 there exist ¥, € L? with

On = FVn, Vn(x) =@n(-x) ae., Yn(x)=0.
We claim that ¥,, € L'. One has

/Oo SN(x — 1) pu(t)dt = /oo Ay () e 2™ Xy (1) dt (2.7.1)

(o]

for all x € R.
For x = 0 this gives

/_ 53 (—1)gn(0) dt = /_ A (V1) d.
Therefore

o0 o0
| avouwdr = [ le0ln0dr <m0l = 9.
—00 —00

By Fatou’s lemma (N — 00), ffzo Vn(t) dt converges, so ¥, € L' and ||, ]l1 < ¢(0)
for all n.

Now define g, (1) = ffoo Yn(t)dt (u € R). Observe that we may assume ¥, to be
continuous. The functions g, are bounded weight functions satisfying 0 < g, (1) < ¢(0)
foralln =1,2,....

Furthermore, by (2.7.1),

/_ Sy (x — 1) gu(6) di = / 273 Ay (1) dgn (1),

—0o0

By Lebesgue’s theorem (|¢;, ()| < ¢(0)) we now have

[e ) (o9}
lim SIN(x —t) o, (t)dt = [ Sn(x —1t)p(t)dt.
n—>oo J_ o —0
Since |g,(t)| < ¢(0) for all # € R, by Theorem 2.6.8 there exists a sequence ny < np <
- and a weight function g such that

o0 o

lim AN(t) e 2m¥ dg, (1) = / An (1) e 27 * dg(r).

ng—=o0 J_ o —00
Hence

/_ Sy (x — 1) (1) di = /_ An(0) €275 dg (1),

[e.]

Let now N tend to infinity and apply Lemma 2.7.7 and Theorem 2.6.9. We obtain

p(x) = /;00 e 2™x da (1) ace.

(o]
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2.8 Extension to R”

One easily can extend the definition of the Fourier transform ? to functions f €
L'(R") by

7= [ et ey e Ry

where (x,y) = x1y1 + -+ xXpynifx = (x1,..., %), ¥y = V1, --, Yn)-
Similar theorems hold as in the case n = 1, but the proofs might be more in-
volved. In particular the proof of Bochner’s theorem seems difficult to generalize.
It is done by Bochner in [1, Author’s Supplement], and by F. Riesz and E. Hopf,
see [58, pp. 122-123] for precise references. In Chapter 5, Section 5.4, we shall
prove this theorem by putting the theory of the Fourier transform in a new context.



Chapter 3
Locally Compact Groups

Literature: [3], [29], [33], [34], [35], [38], [58].

3.1 Groups

We recall a few simple facts from elementary algebra. Let G be a group with unit
element e. We denote the inverse of x by x~!. The group G is said to be abelian
or commutative if xy = yx forall x, y € G. We assume that the reader is familiar
with the notions of homomorphism, isomorphism, kernel of a homomorphism,
denoted by ker f, isomorphic groups, subgroup H of G, coset spaces G/H and
H\G, canonical projection, normal subgroup. The coset space G/H is a group as
soon as H is normal, and then called the quotient group or factor group. If f is a
homomorphism of G onto G’, then G’ >~ G/ ker f.

Let G (a € I) be an indexed family of groups. The set G = [ [, G is a group
if the product is defined by (xy).(yo) = (xqVa)- G is called the direct product of
the G4 . The product of two groups G and G, is commonly denoted by G x G».

3.2 Topological spaces

We recall some elementary notions.

* Atopological space X is a set X wherein one has selected certain subsets, which
are called open, such that

(a) the empty set ¥ and X are open,
(b) if (Uy)aer are open, then |, 7 Uy is open,
(c) if Uy and U, are open, then U; N Us is open.

* A collection B of open sets is called a basis of the topology of X if every open
set can be written as a union of elements of 3.

* A collection € of subsets of a set X can serve as a basis for a topology as soon
as € is closed under taking finite intersections, # € € and | Jocpe C = X (take
arbitrary unions as elements of B).
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¢ The complement of an open set is called a closed set. A neighbourhood of a
point x € X is any subset which has x as interior point, i.e. any subset which
contains an open set U with x € U.

* The topological space X is said to be Hausdor{f if for any pair of points x, y €
X there are neighbourhoods U of x and V of y with U NV = @.

* A collection of neighbourhoods of x is called a neighbourhood basis of x if any
neighbourhood of x contains a neighbourhood from the collection.

e We say that X satisfies the first axiom of countability if every point of X has a
countable neighbourhood basis.

¢ The space X satisfies the second axiom of countability if X has a countable basis
for its topology.

» The space X is called discrete if each subset of X is open.

* By [[yer Xo we denote the product of a collection of topological spaces
(Xq)aer- A basis for the topology is given by the products [[,c; Yo, Yo open
in Xy, Yo = X, for all but a finite number of «. The product of two topological
spaces X1 and X, is commonly denoted by X; x X5.

e LetY be asubsetof X. Call V C Y openif V is of the form V =Y N U with
U open in X. Thus Y becomes itself a topological space, a topological subspace
of X, with the induced topology.

* A topological space X is called compact if X is a Hausdorff space and satisfies
the following property: any open covering of X contains a finite sub-covering.

e Asubset Y of X is called compact if Y is compact in the induced topology.

¢ The space X is called locally compact if X is a Hausdorff space in which every
point has a compact neighbourhood (equivalently: X is a Hausdorff space in which
every point has a neighbourhood basis consisting of compact neighbourhoods).

* A locally compact space X can be compactified (made compact) by adding one
point. This is called the one-point compactification or Alexandrov compactifica-
tion.

« Call this compactification X’ and set X’ = X U (00). The open neighbourhoods
of 0o are given by the complements of the compact subsets of X; the topology of
X induced by the topology of X’ coincides with the original topology of X.

* Let Xy (o € I') be compact spaces, then [ [,; Xq is also compact (Tychonov’s
theorem).
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* The product of finitely many locally compact spaces is again locally compact.

* A topological space is said to be countable at infinity if X is the union of count-
ably many compact subsets.

e A mapping f : X — X' is called continuous if the inverse image of any open
(closed) subset of X’ is open (closed) in X. The mapping f is said to be an open
mapping if the image of any open set in X is open in X”.

¢ The spaces X and X’ are said to be homeomorphic if there exists a bijection
f X — X’suchthat £ and f~! are continuous.

We conclude this section with a technical result without proof.

Theorem 3.2.1. Let X be locally compact, K C X a compact subset, U open
in X with K C U. There exists a real-valued continuous function f on X with
0 < f <1 andsuchthat f(x) =1on K, f(x) = 0 outside U.

The proof of this theorem is based on Tietze—Urysohn’s extension theorem (see,
e.g., [34, pp. 43-44]).

3.3 Topological groups

See [3, Chapter 3] and [33].

Let G be a group, whose underlying space is a Hausdorff topological space. The
group G is called a topological group if both maps (x, y) — xy (G x G — G)
and x — x~! (G — G) are continuous.

Examples. R, R*, GL,(R), GL,(C), T, Z, C, H, SU(2), any Lie group, the field
of p-adic numbers QQ,, the ring of adeles Ay, the ring of ideles dy (k an algebraic
number field), any finite group; every (abstract) group is a topological group with
the discrete topology.

The mappings x — xy and x — yx (y € G, fixed) are homeomorphisms of G.
So neighbourhoods of y are of the form Uy or yU, where U is a neighbourhood
of e. The mapping x +— x~! is also a homeomorphism between G and G. With
U also U~! is therefore a neighbourhood of e.

Some properties

(i) Every neighbourhood U of e contains a symmetric neighbourhood V, i.e. a
neighbourhood satisfying V.=V L.

Take V =UNUL.
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(ii) Every neighbourhood U of e contains a neighbourhood V of e with V? C U.

There exist neighbourhoods Vi, V, with V1V, C U, since xy depends continuously on
(x,y). Takenow V = V1 N V5.

Similarly we have
(ii") For every n there is a neighbourhood V of e with V" C U.

(iii) Let K C G be compact, U open and K C U. There exists a neighbourhood
W of e with WK C U.

For any k € K there is a neighbourhood V of e with Vk C U and a neighbourhood W
of e with W2 C V. Since K is compact, there exist k1, ..., k, and Wi, ..., W, such that
K C_, Wik;. Set W = ({_, W;. Then we have

n n
WK c | Jwwik; ¢ | Wk C U.

i=1 i=1
(iv) If Ky and K> are compact subsets of G, then so is K1 K.

K1 K3 is the continuous image of K; x K, under the mapping (x, y) — xy.

(v) The product of two open subsets of G is open. The product of two closed subsets
of G (even of two closed subgroups) need not be closed. Take for example in R
(the additive group of real numbers) Fy = Z, F» = Z.~/2. But if F is closed and
K compact, then FK is closed.

If x ¢ FK,then F~'x N K = @. Hence there is a neighbourhood V of e with F~1x N
KV~! = @ by property (iii). So F~'xV N K = @,orxV N FK = 0.

(vi) A subgroup H of a topological group is a topological group itself with the
induced topology.

A homomorphism from G to G, is a continuous algebraic homomorphism.
Two topological groups G1 and G, are called isomorphic if there is a bi-continuous
algebraic isomorphism from G to G».

A topological group is called locally compact if the underlying space is locally
compact. In a similar way we speak about compact, discrete,. .. groups. One easily
shows:

The group G is locally compact if and only if e € G has a compact neighbour-
hood.

A locally compact group is said to be compactly generated if G (as a group) is
generated by a compact subset of G. Clearly such a group is countable at infinity.
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We finally mention here two results without proof.

(vii) Any locally compact group with a countable neighbourhood basis of e is
metrizable. Every locally compact group is complete. (See [3], Chapter 9, §3,
no. 1 and Chapter 3, §3, no. 3.)

3.4 Quotient spaces and quotient groups

Let G be a topological group and H a subgroup of G. The left cosets of H form the
points of a new topological space, the quotient space G/H , with topology defined
as follows. Let mg : G — G/H be the canonical projection 7y (x) = x = xH.
A subset £ C G/H is said to be open if n,;l (E)isopenin G. In other words: the
open sets of G/H correspond to the subsets UH C G with U openin G.

One easily shows that G/H is a Hausdorff space if and only if H is a closed
subgroup of G.

If H is a closed normal subgroup of G, then G/H is a topological group, the
quotient group G/H.

Let H be a closed subgroup of G. Then G/H is locally compact if G is locally
compact. More generally (without proof), let G be a topological group and H a
closed subgroup. Then G is locally compact if and only if H and G/H are locally
compact.

The canonical projection g is not only continuous, but also open.

Observe that any open subgroup of a topological group G is closed.

Let G be a topological group, f a (continuous) homomorphism of G onto G'.
The kernel of f, ker f, is a closed normal subgroup of G and G/ ker f is alge-
braically isomorphic to G’. In order that this isomorphism is also a topological
one, f must be an open mapping. This holds under specific conditions, for ex-
ample if G and G’ are locally compact, while G satisfies the second axiom of
countability and G’ satisfies the first one. It is a consequence of Baire’s theorem:

If a complete metric space is the countable union of closed subsets, then at least
one of these subsets contains a non-empty open subset.

According to Section 3.3, property (vii), G and G’ are metrizable. Choose a dense se-
quence (x,) in G and let U be a compact neighbourhood of ¢ and V' a symmetric com-
pact neighbourhood with V2 C U. The compact sets x,V cover G. Hence the com-
pacts sets f(x,) f(V) cover G'. Now G’ is a complete metric space. According to
Baire’s theorem at least one of the sets f(x,) f(V) is a neighbourhood of, let us say,
S (xn) f(v0) = f(xnvo). Therefore f(vg" ;") f(xn) (V) = f(vg") f(V) is a neigh-
bourhood of f(e), and also f(vy!) f(V) C f(V?) C f(U). Itis now clear that the image
of any open subset of G is open in G’. So f is an open mapping.
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Proof of Baire’s theorem. Let (M, d) be a complete metric space, V, closed in M (n =
2,..)and M = ;2 Vn. Suppose no V, has an interior point. Then V; # M and
M\ V7 is open. There is x; € M\V; and a ball B(xy,e1) C M\V; with0 < &7 < 1/2.
Now the ball B(x1, £1) does not belong to V,, hence M\ V, N B(x1, £1) contains a point x,
and a ball B(x3, &) with 0 < &, < 1/4. In this way we get a sequence of balls B(x,, &)
with |
B(x1,61) D B(x3,82) D-+-; O0<eg, < o B, NV, =40.

For n < m one has d(x,, x,) < 1/2", which tends to zero if n,m — oco. The Cauchy
sequence {x,} has a limit x € M since M is complete. But

d(xp,x) <d(xy,xm) +d(xm,x) <& +dxm, x) —> &y (m — o0).

So x € B(xy, &,) for all n. Hence x ¢ V,, for all n, so x ¢ M, a contradiction.

3.5 Some useful facts

(i) Let G be a locally compact group, H a closed subgroup of G. For every
compact set K C G/H there exists a compact set K C G with ng (K) =

Let V be a compact neighbourhood of e in G. Because K is compact, one can find finitely
many s; € G such that K is contained in the image of K "= Ji_, 5V under my. Now
K’ is compact. Take finally K = K’ N 75! (K).

(ii) The product of arbitrary many topological groups is again a topological group.

Observe that [[,c; Ga, Gq discrete, is not necessarily discrete as soon as
Card(/) = oo and Card(Gy) > 2 for all @« € [ (it is compact if all Gy are
finite).

-1

(iii) The mapping (x, y) > xy from G X G to G is open as is (x,y) — xy~ " and

(x,y) — x.
This follows from the definition of the product topology.

(iv) Any locally compact group is the union of open (and hence closed) subgroups
which are compactly generated.

Indeed, take Gy = Unzl V™ with V' an open symmetric neighbourhood of e with com-

pact closure. Clearly G is the union of all such Gy, which are compactly generated, since
—n 37 -

clearly also Gy = | J,»; V', where V' is the closure of V.

(v) A locally compact group or quotient space, which has countably many ele-
ments, is discrete.

This follows from Baire’s theorem and Section 3.3, property (vii).



3.6 Functions on locally compact groups 31

3.6 Functions on locally compact groups

(i) Let f be a real- or complex-valued function on the locally compact space X
(or even with values in a complex vector space) and set Vy = {x : f(x) # 0}.
The closure of Vy is usually called the support of f, denoted by Supp f. By
Theorem 3.2.1 there exist non-zero complex-valued functions on X with compact
support.

Let us denote by C.(G) the set of all continuous complex-valued functions with
compact support on the locally compact group G. A complex-valued function
f on G is called right (left) uniformly continuous if, given ¢ > 0, there is a
neighbourhood U of e such that

[fOx)—f)l<e  (flxy)— f(x)] <e)
forall y e U and x € G.

Any complex-valued continuous function f on G with compact support is right
and left uniformly continuous.

Let K = Supp f. Choose ¢ > 0 and a compact symmetric neighbourhood U of e. For
any point @ € KU there is a neighbourhood V, of e such that | f(ya) — f(a)| < &/2
for y € V,. Select neighbourhoods W, of a with Wa2 C V,. The W, cover KU, hence
there are aq, ..., a, such that KU C U;lzl Waa;i. Set W = ﬂlr»’zl W,,. For x € G and
y € W N U we now have

|f(yx)— f(x)|=0 forx ¢ UK.

For x € UK we get, if x € W, q;,

fOx) = fOl < fyx = fladl + | flai) = f()| =e/2+¢/2=¢
for y € W N U. A similar proof applies for the left uniform continuity.

The same result holds for the functions in €y(G), the space of continuous
complex-valued functions f on G which vanish at infinity, i.e. the functions f
satisfying: for any ¢ > 0 there is a compact subset K, C G such that | f(x)| < &
forall x ¢ K,.

(ii) Let H be a closed subgroup of G. A complex-valued function F on G is of the
form F’ o gy, where F’ is a function on G/H if and only if F is left H -invariant,
ie. F(xh) = F(x)forallx € G,h € H. The function F is continuous if and only
if F’is continuous. This follows immediately from the definition of the topology
of G/H.



Chapter 4
Haar Measures

Literature: [5], [38], [58].

4.1 Measures

We follow the approach to measure theory of A. Weil and N. Bourbaki.

(i) Let X be a locally compact space and set as before C.(X) for the space of
complex-valued continuous functions on X with compact support, and denote by
€o(X) the space of complex-valued continuous functions on X which vanish at
infinity.

Observe that €y(X) is the completion of C.(X) with respect to the supremum
norm || flleo = sup | f(x)].

Let C;(X; R) be the subspace of real-valued functions in C.(X).

A real (complex) measure pw on X is a real (complex) linear functional on
Co(X;R) (Ce(X)) such that for any compact set K C X there exists a constant
Mg > 0 satisfying

k(] < Mk f oo
forall f € C.(X;R) (C.(X)) with Supp f C K.

The measure p is called positive if u(f) > 0 as soon as f > 0, for all f €
C¢:(X). Clearly p is a real measure in this case. We shall also write

u(f) = /X FEOdux) = /X fdu.

Sometimes we shall delete the suffix “X” if the space is clear from the context.
The connection between our approach and the set-theoretic one is as follows
(see, e.g., [22, §9)):

Theorem 4.1.1 (Riesz representation theorem). If I : C.(X) — R is a positive
measure (in our approach), then there exists a unique regular Borel measure [L on
X such that for all f € C.(X;R)

1) = [ fau.
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(i) A complex measure is completely determined by its restriction to the space
C:(X;R). Any real measure can be uniquely extended to a complex measure. Let

u be a complex measure. Then also 7t defined by (f) = w(f) (f € Co(X))
is a complex measure. Set (1 = % and up = % Then w1 and w, are real
measures and . = (1 + i (where (1 and pp are being considered as complex
measures).

A real measure is the difference of two positive measures.

Let u be a real measure. Define v(f) = supg<,< p(g) for f € Cc(X), f = 0. This
functional v gives, after extending it to C. (X ; R), a positive measure, and u = v—(v—pu).

(iii) If u is a positive measure, then

‘/ﬂ@@@)

< [1f@laut  (f e Cex.

Assume pu(f) # 0, |u(f)| = Au(f). Then w(Af) is a real number and 0 < u(Af) =
pRe(Af) < u(Af]) = pu(f]), since |A] = 1.

(iv) Every positive linear form on C.(X) (i.e. every complex linear form pu on
Ce(X) with u(f) = 0if f > 0) is a positive measure.

One has, similar to (iii), with the same proof, |u(f)| < w(|f|) forall f € C.(X). Let
K C X be acompact set and gx € C.(X) such that gx(x) = 1 on K, gg > 0. Then one
has for all f € C.(X) with Supp f C K: f = fgk and

() <l flgg) =< 1 f lloo n(gK)-

(v) A bounded measure p is a measure for which M > 0 exists with |u(f)| <
M| f|lco for all f € Cq(X). Hence u is a continuous linear form on C.(X)
(or €p(X)) with respect to the sup-norm. The norm of w is defined by ||u| =
SUP| floo<1 |#(f)|. The bounded measures form a Banach space, denoted by
MY(X). Clearly M (X) is the dual of €y (X).

(vi) Support of a measure. Let O be an open subset of X such that u(f) = 0
for all f € C.(X) with Supp f C O. If the Oy (¢ € I) have this property,
then also |y Oq has. This follows easily from the lemma stated below. Let U
be the largest open subset with this property. The complement of U, which is a
closed subset of X, is called the support of ;: Supp . The measures with compact
support form a dense subset in M ! (X).

Lemma 4.1.2 (Partition of unity). Let X be a locally compact space. Suppose
that Oy, ..., Oy are open subsets of X and let K be a compact subset such that
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K C UL, O;. There exist functions ¢; € C¢(X) with Supp(¢;) C O; and such
that g; > 0, Y7 ¢ <1, Y7L, ¢i = 1 in a neighbourhood of K.

Select compact sets K; C O; such that K C Ulm=1 K;. According to Theorem 3.2.1 there
exist functions ¥; € C.(X) with Suppy; C O;, ¥; = 1 on a neighbourhood of Kj,
0 <v; < 1. Now set ¢p; = ¥ and

¢i = 1//1'(] —‘(ﬁl)(l —wi_l) fori = 2,...,m.
Then ¢y, ..., ¢m satisfy the requirements. Observe that
m
D gi=1—(1=y)A =) (1 = Ym).
i=1
Proposition 4.1.3. Let i be a measure on X. Then w(f) = 0 forall f € Co(X)
satisfying f(x) = 0 for x € Supp u.

Let f € C.(X) vanish on the support of ¢ and let K be an open set with compact closure
such that Supp f C K. Then |u(¢)| < Mk ||¢]loo for some positive constant Mg and all
¢ € C.(X) with Suppgp C K. Choose for each ¢ > 0 a function ¢, € C.(X) such that
@ = 1 near Supp 1 N K and such that || f||cc < €. Then

()] = lulps I = Mge

foralle > 0,s0 u(f) =0.

4.2 Invariant measures

Let G be a locally compact group. A measure p on G is said to be left-(right-)
invariant if

/fwﬂwmm=ffmmm>
G G

(Jg f(xa)du(x) = [g f(x)du(x)) for all f € Cc(X) and all a € G. Notice
that if u is a left-invariant measure, then ji defined by

MﬂzLﬂfhwu) (f € Co(G))

is a right-invariant measure.

Examples. * G = R; du(x) = dx, the Lebesgue measure.
e G=R*du(x) =%

Ix[*

c G =T;pu(f) =2 [~ fE0)d0 [= [y %) d0).
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o If G is a discrete group, e.g. G = Z or G is a finite group, then C.(G)
consists of functions on G with finite support. The measure p defined by

w(f)=Y_ f().
xeG
called the “counting measure”, is an invariant measure on G.
All the above measures are bi-invariant (i.e. both left- and right-invariant).
e Let now G be the group of matrices (é ﬁ‘) with A > 0, © € R. Then a

left-invariant measure is given by %, a right-invariant measure is d)“kd” .

Later on we will give more examples. The following theorem holds:

Theorem 4.2.1 (Haar 1933, existence; von Neumann 1934, uniqueness). Every lo-
cally compact group admits a left-invariant positive measure, which is non-trivial
and unique up to a positive constant.

Notation and terminology. We call such a measure from now on a left Haar
measure and denote it also by dx. So for a left Haar measure we have

/ fla"x)dx = / fdx  (f € Co(X)).
G G

Alfred Haar (Budapest 11 October 1885-Szeged 16 March 1933). Hungarian mathematician, in
1912 professor at the universities of Cluj and Szeged. He has publications on many subjects in
analysis and algebra, in particular group theory.

John von Neumann (Budapest 28 December 1903—Washington D. C. 8 February 1957). Has been
assistant of Hilbert at Gottingen and professor in Princeton, USA. He went to the USA in 1937. He
is the founder of modern computer science and was one of the greatest mathematicians of his time.
See his Collected Papers.

Properties of the Haar measure

(i) Let u be a left Haar measure on G, f € C.(G), f > 0. If f is not identically
zero, then u(f) > 0.

Suppose there exists fo € C.(X), fo > 0 with fo(xo) > 0 for some xo € G and
w(fo) = 0. Let f € C.(G), f > 0 be arbitrary. There are a1,...,a, in G such that
x > Y Iy fo(a;7'x) is strictly positive on Supp f. Then there is a scalar A > 0 with

A folar'x) = f(x)

i=1

forall x € G and hence u(f) <0.Sou(f) =O0forall f € C.(G), f > 0, and therefore
u(f)=0forall f € C.(G). This is a contradiction.
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A straightforward consequence is: Supp 4 = G, and every compact neighbour-
hood of e has strictly positive Haar measure.

(i1) The proof of existence of the Haar measure is long and ingenious, but you don’t
learn more from it than that the Haar measure exists. Proofs can be found in [5,
Chapter 8], [58], [29], [34], a.0. The uniqueness is easy to show. We shall show:

Proposition 4.2.2. If 11 is a positive and |15 a complex left-invariant measure on
G, then there is a complex constant ¢ such that iy = ci1.

We apply Fubini’s theorem: if @y and pu, are measures on X and Y respectively (X and
Y locally compact spaces), then one has for any k € C.(X x Y)

/Y /X k(ry) di (0 dpa(y) = /X [Y k(e ) dia (0 dpn (3).

Let p; be a positive and p, an arbitrary complex left-invariant measure on G. Given
f.g € C.(G) the function (x,y) +— f(x)g(x~'y) is continuous on G x G and has
compact support. So

// f(0) g(x™ ) dpa (x)dpa(y) = /f(X) dpr(x) -/g(y)duz(y) = 1 (f) p2(g).

by Fubini’s theorem. This is also equal to
/ { / f(X)g(x_ly)dm(X)}duz(y) -/ { [ romee dul(X)}d/Lz(y)

-/ g(x‘){ [ ro0 duz(y)}dm(x).

Now fix f € Cc(X), f = 0 with ju1(f) # 0. Define F(x) = [ f(yx~')dua(y). Then
we have

1 (f) / () dpia(x) = / ¢ F () djn(x)

for all g. Consequently djuz(x) = 0(x)du;(x~1) with §(x) = %

Since Supp ;1 = G, there is only one continuous function 8 determined by the relation
dia(x) = 0(x)duy(x~1). So 6 is independent of the choice of the function f, hence

_ F _ pa(f)
pma(f) ur(f)

is independent of £, so ux(f) = ¢ - u1(f) forall f with f > 0, u1(f) # 0. By (i) this
is true for all f, so o = ¢ w1 for some constant ¢ € C.

f(e)

(iii) For many locally compact groups a left Haar measure is also a right Haar
measure. A group with this property is said to be unimodular. This is certainly the
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case for abelian groups. In other situations there is a modulus, which we are now
going to introduce.
Let dx be a left Haar measure on G. For any a € G,

£ / feaydx (€ Co(G))

is again a left-invariant and positive measure. Hence there is a constant A(a) > 0
such that

/ f(xa Y dx = Aa) / f(x)dx 4.2.1)
G G

forall f € Cc(G)anda € G.
The mapping A is a continuous homomorphism from G into R* and is inde-
pendent of the choice of dx. It is called the Haar modulus of G.

If G is the group of maltrices (é ) with A > 0, u € R, then its Haar modulus

isequal to A : (é’ib) >

Furthermore,

f|—>/;;f(x) A(x" Y dx

is a right Haar measure. Hence f > |, ¢/ (x Y A(x~1) dx is again a left Haar
measure, so

/ FEHAG Y dx = ¢ / fydx  (f € C(G)
G G

for some ¢ > 0. Replacing f(x) by f(x~1)A(x~!), which is again in C.(G),
implies ¢ = 1, hence ¢ = 1. Therefore

/ FOxHAETYdx = / f(x)dx. (4.2.2)
G G

It also follows
/ f(xHdx = / Fx)AGx Y dx, (4.2.3)
G G
ordx~! = A(x )dx.

Remark 4.2.3. The null sets, the local null sets and the measurable sets for the left
and right Haar measure coincide. In any non-unimodular group there are open sets
which are integrable for the left Haar measure, but not for the right Haar measure.

Compact groups are unimodular: A(G) is compact in R* , hence equal to {1}.

(iv) The group G has finite Haar measure if and only if G is compact.
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Take f # 0,0 < f <1, f € C.(G). Let C = Supp f. If G is not compact,
there is a sequence (an)n>1 in G such that the subsets a,C are mutually disjoint for
n > 1. Indeed, choose a; arbitrary and if ay, . .., a, have been selected, take a, 41 outside
(Un—; @mC) C~1. Then we have

/ Z f(a,TIX)dX=N/Gf(x)dx

1<n<N

and )"y, f(a,'x) < 1forall x and all N. This would imply that the Haar measure
is unbounded, leading to a contradiction.

(v) Define for any function f on G and any element a € G the function L, f by
Laf(x) = f(a~'x) (x € G). In practice the following situation often occurs.
In some open neighbourhood V of e in G a positive measure dy (x) # 0 is given
which is locally left-invariant: for all f € C.(G) with Supp f C V one has

/ Fla %) dy (x) = f £ dy ()
Vv vV

foralla € G with Supp L, f C V.

Then dy (x) is the restriction to V of a unique left Haar measure dx on G, and dx
can be defined explicitly in terms of dy (x).

See [38, Chapter 3, §3]. The idea of the proof is clear. Select a symmetric open neigh-
bourhood U of e with U2 C V. For all f € C.(G) with Supp f C U we have by
assumption

fﬂf%Mww=[ﬂMW@) 4.2.4)
|4 Vv

forall y € G with SuppL, f C U.
Letnow f € C.(G) be such that Supp Ly f C U for some s € G. We shall say that f
has ‘small support’. We define for such f (with respect to V)

/ﬂmM=[@wamm
G Vv

This definition depends only on f, not on s € G, because of property (4.2.4). In this
way we get a left-invariant integral for f € C.(G) with small support. We have to show
(exercise):

(a) Every f € C.(G) can be written as a finite sum f = )_ f, with f,;, € C.(G) and
with small support; if f > 0 then we can take f,, > 0 for all n.

() If Y, fu = D_; g where fu,g; € Cc(G) and all f,, g; have small support, then
Soal fax)dx =3 [gi(x)dx.

If (a) and (b) are shown to be true, the definition of |, ¢ J(x)dxfor f € C.(G) arbitrary,
is obvious.
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4.3 Weil’s formula

(i) Let H be a closed subgroup of the locally compact group G. The group H is
itself locally compact and thus has a left Haar measure, say d&. For f € C.(G)
we consider

xn—>/ f(x&)dE (x € G).
H

This is, in fact, a function on G/H , which we shall denote by T f. So

(Tu f)(E) = [H FaBdE (=g (). @3.1)

The function Ty f vanishes outside 7z (Supp f), so it has compact support. It is
also a continuous function on G/H . We shall show a little more.

Lemma 4.3.1. Let f € C.(G) and € > 0. There is a neighbourhood U, of e such
that for all x € G

/H FO ) — F(xE)| dE <6
forall y € U,.

Let V be a compact symmetric neighbourhood of e and take g € C.(G), g > 0, such that
g(x) =1onV -Supp f. Then

SO = fOI <1070~ f)lglx)  (x€G.yeV).

Set M, = 1+ fH g(x§)d&. Given ¢ > 0 there is a neighbourhood U(e, M) of e,
contained in V/, such that

|70 = ()] < &/ My
forall y € U(e, M) and x € G. Hence

|fO7Ix8) — f(xE)] < &/ My - g(xE)

forally e U(e, Myx), x € G,§ € H.

This implies that Ty f is continuous, so Ty f € C.(G/H) for all f € C.(G). In
particular, Ty g is continuous and has compact support. Now replace M, by M = 1 +
sup Ty g(x) and U(e, My) by Uy, applying the right uniform continuity of f. This gives
the lemma.

We now have: Tp is a linear mapping from C.(G) into C.(G/H). We shall
show that Ty is surjective.
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SetK = Suppf forf' € Cc(G/H). Thereis acompact subset K C G with ry (K) = K.
Take g € C.(G), g > 0, g(x) > O0forall x € K. Then Tgg(x) > O forall x € K. Now
define . )
fO]TH(X)% ifxeﬂél(K),

0 otherwise.

f(X)={

Then f is continuous, in C.(G), and Ty f = f

(ii) Let now H be a closed normal subgroup of G. Then the quotient space G =
G/H is a locally compact group, see 3.4. Denote its own Haar measure by d x.
Consider

£ / Tuf(G)di  (f € ColG)).
G/H

This is a positive linear functional on C.(G), hence a measure. It is not identically
zero and left-invariant. Therefore there is a positive constant ¢ such that

/ THf()'c)d)'c:c/f(x)dx
G/H G

forall f € C.(G).
Suppose now that two out of the three Haar measures on G, H and G/H are
given. Then we normalize the third one such that ¢ = 1. We then have

/G/H {/Hf(xé)df}dff =/Gf(x)dx (f € Ce(G)),

which is often denoted in a formal way by dx = d&d x.
This formula is called Weil’s formula, after the French mathematician André
Weil (1906-1998).

(iii) Let G = G1 X G, and let dx; and dx, be left Haar measures on G and
G respectively. Then dx = dx1dx; is a Haar measure on G. Weil’s formula is
actually a generalization of this result.

(iv) Let H be a closed normal subgroup of G. Denote its Haar modulus by Ag.
Let A be the Haar modulus of G. Then A(§) = Ag (§) forall &€ € H.

Fix n € H and set f,(x) = f(xn~1) forx € G, f € C.(G). Then we have by Weil’s

formula
< . —1
/G/H{/an(XS)dE}dx—/an(X)dX—/Gf(xn ) dx.

Ar () /G EBdE s = A /G F(x)dx.

so Ag(n) = A(n) forn € H.

Hence
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4.4 Haar measures for specific groups

In this section we consider Haar measures for specific groups. Proofs are omitted
and left to the reader.

(a) Let G = GL(n, R) denote the group of n x n real matrices x = (x;;)1<i,j<n-
For every x = (x;;) the matrix entries give a global coordinate system on G. In
these coordinates dx = [[dx;;/|detx|" is both a left and a right Haar measure.
The group G is thus unimodular. The same holds for its subgroup SL(n, R) of
n x n real matrices with determinant 1, since it is a closed normal subgroup of G.
(b) Let STy (n, R) be the group of n x n real matrices x = (x;;) withx;; = 1 (1 <
i <n),x;j =0(1 <j <i <n). This group is unimodular. The Haar measure is
given by [, - ; dxij if we choose x;; (i < j) as global coordinates.

(¢) The group G = GL(n, C) it topologically an open subset of C"* = R2"’, The
Haar measure is given by

dziidz;;
Mg c=eeo

The group G is unimodular.
For those readers that are familiar with Lie groups, we remark that the following
groups are unimodular:
(i) Lie groups G with the property that Ad(G) is compact,
(i1) connected semisimple and reductive Lie groups,

(iii) connected nilpotent Lie groups.

4.5 Quasi-invariant measures on quotient spaces

Literature: [38, Chapter §].

Let H be a closed subgroup of a locally compact group G and consider the quo-
tient space G/H. If H is normal then G/H has a Haar measure and Weil’s for-
mula holds. We shall now consider a generalization of Weil’s formula for arbitrary
closed subgroups H. This important generalization is due to Mackey and Bruhat.

Recall that Ty, previously defined, is a surjective linear mapping from C.(G)
to Cc(G/H).

(i) Let 1 and ft be complex measures on G and G/H respectively, such that

f { / f(XS)dé}dﬂ(fc)= [ (recon. @sy
G/H H G

Compare this formula with Weil’s formula.
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Replace in (4.5.1) the function f by f; defined by

fa) = fGn™h)  (ne H x€0).

Then p clearly satisfies

M) [ 1@ = [ ferdue  oe Hf € CoG). @52
Conversely, let u satisfy (4.5.2). Then there exists a unique measure {1 on G/H
such that (4.5.1) holds.

Fix f € C.(G). Forall g € C.(G) we have

/ f(x){ / g(xé)ds}du(x)
G H
_ / { / f(x)g(x?;')du(X)}dE
H G

-/ AH<s—1){ [ f(xé_l)g(X)du(X)}dé (by (4.5.2)
H G

-/ g(x){ [ f(XE)dS}dM(X).

We can choose g such that [, g(x§) d& = 1forall x € Supp f. Hence, if [, f(x£)d§ =

0 for all x € G, then [ f(x)du(x) = 0. Now set n(f) = Jg f(x)du(x) for f e
Cc(G/H), where f issuchthat /' € Cc(G), Th f = f The functional fi is well-defined
and is a measure on G/H. Indeed, if K C G/H is compact, take then f; € C.(G)
such that Ty f; = 1 on K. For all f € C.(G/H) with Suppf C K one can now take
f = (f ong) fi and therefore

A(f)] = ‘ [ reraue| = e e

where Cg = [ | f1(x)|d|u(x)], which is independent of f . The measure [i satisfies
formula (4.5.1).

Summarizing:

Let (1 be a measure on G. Then condition (4.5.2) is necessary and sufficient for
the existence of a measure [t on G/H which satisfies (4.5.1)

(i1) Now take a special kind of measure: du(x) = g(x) dx, ¢ a continuous func-
tion on G, dx a left Haar measure. The relation (4.5.2) becomes

/ Fer ) g dx = Ap(n) / g dx  (ne H).
G G
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Hence (4.5.2) is equivalent to

/ F00)qGem) A dx = Ag(n) / £ q(x) dox.
G G

hence with
An(n)

A(n)

One can show that there always exists (i.e. for any H) a continuous and strictly
positive function ¢ on G that satisfies (4.5.3) (cf. [38, Chapter 8, §1.7-1.9]).

Take such a function g. Then there exists a positive measure dyX on G/H such
that

qg(xn) =q(x) (x e G,ne H). 4.5.3)

| { / f(XE)dE}dqfcz [ r@awds (ecGn. 45y
o/ \Ju G

If H is a normal subgroup, then we can take ¢ = 1 and we get Weil’s formula,

(iii) Let again g be a continuous, strictly positive, function on G satisfying (4.5.3).
Set

. X .
Ay(x) = q— (x = g (x)). 4.5.5)
Notice that indeed A, is a function on G/H . The group G acts on G/H by
Ay(xH) = yIxH (y € G).

These are homeomorphisms of G/H. The measure dgx has the property: for all
f € C.(G/H) one has

/ f(Ayx)dyx =/ f()Ay(x)dyx (v €G). (4.5.6)
G/H G/H

Choose f such that Ty f = f and apply (4.5.4).

We call dy(X) a quasi-invariant measure on G/H. If A, depends only on y
(not on X), then dyx is said to be relatively invariant. If A, = 1 then dgx is a
G -invariant measure on G/H .

(iv) Suppose there is a continuous and strictly positive function r on G such that

{ (@ rixy)=r(x)r(y) (x,yeG), 4.5.7)

(b) r(§) =248 (& € H),
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If we then set ¢(x) = r(x), then (4.5.3) holds. Furthermore we obtain A, (x) =
r(y), so that dgx is relatively invariant. Thus there exists a relatively invariant
measure d,x on G/H such that for all f € C.(G/H) one has

[ fwdi=ro [ fad (458)
G/H G/H

and (4.5.4) holds with g = r. In particular: if

Ag () =AE) (€ H), (4.5.9)

then there exists an invariant positive measure on G/H .

Conversely, if G/H admits a relatively invariant positive measure, then one
might take r(y) as in (4.5.8). One concludes that (4.5.7) (a) and (b) are satisfied
and that r is continuous and strictly positive on G. In the case of an invariant
measure, so r = 1, the property (4.5.9) follows from (4.5.7) (b).

Example. Let H be a closed unimodular subgroup of G,so Ag = 1. Take r(x) =
A(x)~L. Then G/H admits a relatively invariant measure. If H is compact, then
G/H admits an invariant measure. The same holds if H is any closed normal
subgroup.

Let both G and H be unimodular, then G/H admits an invariant measure. If G
is unimodular and G/H admits an invariant measure, then H is unimodular.

(v) We shall now consider a practical example, where g can be determined in a
simple way.

Assume G = G1-H, where G and H are closed subgroups with GiNH = {e}.
So every x € G can be written uniquely in the form x = g1/ (g1 € G1, h € H).
Let us assume in addition that g; and & depend continuously on x. Then x +—
(g1, h) is a homeomorphism from G onto G| x H.

Example. The Iwasawa decomposition of a semisimple Lie group, G = K - H,
H = AN. For SL(2,R) we have for example

K = {( cos @ sin0):0§0<27.[}’

—sin @ cos 6
A={(g %):teR}), N={(}}):xeR}.

Define ¢ as follows. For h € H let g(h) = AAHTIEh)) and for general x € G set

q(x) =q(h) if x = g1h (g1 € G1. he H).
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Then ¢ is continuous, strictly positive, and satisfies (4.5.3). Since ¢(gi1x) =
q(x) (g1 € G1, x € G), the measure dyx is invariant under G. Since G/H

is topologically isomorphic to G1, the measure dy X is a left Haar measure on G.
So formula (4.5.4) becomes here

/ { / f(glh)dh}dglz / F@a@dx  (f €Ce(G))
G H G

or, if we replace f by f/q,

- A(h)
/G Fx)dx = /G { [H Faih) o O dh}dg1 (f € Ce(G)). (45.10)

Special cases of (4.5.10):
(a) G is unimodular. Then

[ rwax= [ { | f(g1h>AH<h—1)dh}dg1 (f € C.(G)).
G G H

Notice that A (h~1)dh is simply a right Haar measure on H .
(b) H is normal. Then

[ rwax= | { / f(glh)dh}dgl (f € C.(G)).
G G H

This is also a direct consequence of Weil’s formula.

We leave it to the reader to show that several of the formulae derived above also
hold for functions f € L1(G) etc. In most cases an exact formulation obvious.

4.6 The convolution product on G. Properties of L(G)

Literature: [29, §35], [34, §28].

As before, G will be a locally compact group with left Haar measure dx. We
denote by L!(G) the set of (equivalence classes of) complex-valued integrable
functions on G.

(i) Similar to the case G = R (see Section 2.1), we can define the convolution
product of f,g € L'(G) by

(f %) () = /G 0 e dy  (xeG). @6.1)
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One has f xg € L'(G) and || f * glli < || fl1|lg]l1. With this operation as
multiplication, L!(G) is an associative algebra and f ~ | f||; is a norm on
L'(G). Even L'(G) is a Banach algebra. Moreover there is an involution on
LY(G), f — f*, givenby

[T = /AT (xe6).
One clearly has || f*||1 = || f]l1 and (f * g)* = g* * f*. So L1(G) is a Banach
algebra with involution.

(ii) Similar to the case G = R we have:

Theorem 4.6.1. If f € L'(G)and g € L?(G) (p > 1), then f x g € LP(G) and
If *gllp <1/ 11 lIgllp-

For any function f on G set ?(x) = f(x7 Y (x € G).

Theorem 4.6.2. (2) If / € LP(G), g € LY(G) (5 + 5 = 1, p > 1), then
f =g is a continuous function vanishing at infinity. In addition, || f *g|lco <

111y 1lgllg-
(b) If f € LY (G)and g € L*™(G), then f % g is a bounded continuous function.
Furthermore, || f *€lloo = | 11 g loo-

(iii) Fix a real number p > 1. For any function f on G set

Lyf(x) = f(y"'x) and Ry f(x) = fGx») AWMY?  (x,y €G).

The operators Ly and Ry, are isometries in L?(G) for all p > 1. Furthermore the
mappings y — L, f and y — R, f are continuous from G to L?(G) for each f
in L?(G). This follows immediately using Section 3.6 (i).

(iv) The Banach space LP(G) (1 < p < o0) is separable (i.e. has a countable
dense set of elements) if G satisfies the second axiom of countability.

(v) The convolution algebra L'(G) is commutative if and only if G is an abelian
group.

If G is abelian, then G is unimodular, so we have for £, g € L1(G),
[ xgx) = /G S ey x)dy = /G Sy ™g(y)dy

- /G ¢ G dy = g % £(x).
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Let, conversely, L' (G) be commutative. Take f, g € C.(G). Then
0=fxgx)—gx flx)= /G[f(y)g(y‘IX) —g(xy) Syl dy

- /G F0) 86" %) — gy AG )] dy.

Since this holds for all € C.(G), we get g(y~'x) = g(xy " )A(y!) forallx,y € G
and all g € C.(G). Takingx = e we get A = 1,50 g(xy) = g(yx) forall x, y € G and
all g € C.(G). Since C.(G) separates the points of G, we obtain xy = yx for all x and
¥. So G is an abelian group.

(vi) The algebra L' (G) has a unit element if and only if G is discrete.

Let G be discrete and let us assume that every point in G has mass equal to 1 with respect
to the Haar measure. Let § be the function that is equal to 1 at e and zero elsewhere. Then
8 is the unit element of L'(G), i.e.

8 =" 8 'x) = f(x),
yeG
similarly § * f = f.

Conversely, let L' (G) have a unit element, called §. We assert that there is a positive
lower bound for the masses of the non-empty open subsets. Indeed, otherwise there would
be for any ¢ > 0 an open neighbourhood V of e with mass V' < ¢ and therefore one with
Jy 18(x)|dx < e. Choose a symmetric neighbourhood U with U 2 C V and let £ be the
characteristic function of U. Then we have for x € U

= £(x) = E%8(x) = /G S(NEQ x)dx = / 8)dy = /V 15()ldy <.

We get a contradiction. So there is « > 0 such that the mass of all non-empty open sets
is greater than or equal to . Select now an open subset V' with compact closure. Then
mass V > na forn = 1,2,... as soon as V' contains at least n points. So any open set
with compact closure is finite, so any point is open, hence G is discrete.

(vii) The algebra L'(G) has an ‘approximate unit’; even more: given f € LP(G)
(1 < p < 0) and € > 0, there exists a neighbourhood V of e such that || f * u —
flp <eand||lux f — fllp <eforallu € Cc(G)withu >0, Suppu C V and
Jou(x)dx = 1.

Take h € L9(G) (% + % = 1). Then one has
s s =gl =| [ [ w7670 = 70 Gy

< Ikl /G 1Ly f — fllpu(r)dy.
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by Holder’s inequality. So [u* f — fll, < [ ILy f — f ll,u(y)dy. Now choose V such
that forall y € V one has ||L, f — f|, < & (see (iii)). Then |lu x f — f|, <e.

For f * u the proof is similar, but a little more complicated because the group G need
not be unimodular.

Otherwise formulated: select for any neighbourhood V' of e a function u = uy
asabove. Thenlimy oy uy * f = f andlimy_, ) f *uy = f for f € LP(G)
(convergence in L?(G)). The family {uy } is called an approximate unit.

(viii) By Theorem 4.6.1, the space L?(G) (p > 1) is a left L!(G)-module. One
has:

In the space LP(G) the closed left L'(G)-submodules coincide with the closed
left-invariant subspaces.

Let M be a closed left L!(G)-submodule of L?(G). Choose an approximate unit {uy }.
If f € M,thenalso (Lyuy)* f € M forallx € G. But (Lyuy)*x f = Ly (uy * f) —
Ly fifV — {e}in LP(G). Hence M is left-invariant.

Let now M be a closed left-invariant subspace of L?(G). Set Ann(M) = {g € L4(G) :
(f,g) = O0forall f € M}. Then f € M if and only if f € Ann(Ann(M)). Let now
he LY (G), f € M,g € Ann(M). Then

(h+ fig) = // 1) £ g dydx = / h(y)[ / f(y—lx)mdx]dy — 0,

Sohx feM.

As a corollary we have:
In LY(G) the closed left-(right-)ideals coincide with the closed left-(right-)invari-

ant subspaces.

(ix) One can extend the convolution product to M (G), the space of bounded
measures on G. For i1, o € M1 (G) define

w iz (f) = /G /G FEN dpn () dua(y)  (f € Ce(G)),

The product is well-defined (use Section 3.6), M 1 (G) is thus a convolution algebra
and L!(G) can be regarded as a subalgebra of M1(G), by associating to f €
L'(G) the measure f(x)dx.



Chapter 5

Harmonic Analysis on
Locally Compact Abelian Groups

Literature: [7].

In this chapter G will be a locally compact (later on, abelian) group, satisfying the
second axiom of countability, with left Haar measure dx.

5.1 Positive-definite functions and
unitary representations

(i) Unitary representations

Let # be a complex Hilbert space with scalar product denoted by (,). We set
End(#) for the algebra of continuous linear operators on # and denote by GL(#)
the group of invertible elements in End(#). An operator U is said to be unitary if
vu*=U*U =1.

A representation of G is a pair (i, #) of a Hilbert space # and a homomor-
phism 7 : G — GL(#) such that the mapping (x,v) — 7(x)v from G x JH to
J is continuous.

One calls (7, #) a unitary representation if w(x) is a unitary operator for all
xegq.

Lemma 5.1.1. Let w be a homomorphism of G into GL(HK) such that w(x) is
unitary for all x € G. Then the following statements are equivalent:

(@) (x,v) > w(x)v is continuous from G x H to K,
(b) x = m(x)v is continuous for every v € J,

(©) x = (w(x)v, w) is a continuous function on G for each pair of vectors v, w €
H.

Remark 5.1.2. Lemma 5.1.1 is also true without the assumption of unitarity of
m(x). However, the proof becomes more difficult, see [57, Prop.4.2.2.1]. The
proof of Lemma 5.1.1 (for unitary ) is straightforward.

A linear subspace #; C H is called invariant if w(x)J; C Hq forall x € G.
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If (7, #) and (o, W) are representations of G, we denote by Homg (77, o) the
space of all bounded operators A : # — W satisfying A w(x) = 7 (x) A for all
x € G. Such operators A are called intertwining operators. The two representa-
tions are said to be equivalent if there is an A € Homg (7, 0) which is bijective.
If (7, #) and (o, W) are both unitary representations, then we say that 7 and o
are unitarily equivalent if there is an isometric bijection in Homg (77, 0).

It is known that equivalence for unitary representations implies unitary equivalence. This
can be seen by applying polar decomposition of continuous linear operators, see for ex-
ample [8, 2.2.2].

A representation (7, ) of G is called irreducible (also: topologically irre-
ducible) if the only closed invariant subspaces of # are {0} and # itself.

It is customary to denote by G the set of unitary equivalence classes of irre-
ducible unitary representations of G.

Lemma 5.1.3. Let (G, H) be a unitary representation.
(a) If #1 C H is an invariant subspace, then so is J.

(b) If #1 C H is a closed subspace and P is the orthogonal projection of #
onto Hq, then J1 is an invariant subspace if and only if P commutes with

w(x) forall x € G.

For unitary representations we have the following criteria for irreducibility.

Theorem 5.1.4. Let (7w, #) be a unitary representation. The following criteria are
equivalent:

(a) The only orthogonal projections commuting with all w(x) (x € G) are the
zero operator and the identity operator I.

(b) Homg (r, w) = C - I (Schur’s lemma).
(c) Everyvector v # 0 in J is cyclic, i.e. the closure of span(w(G)v) is H.
(d) (m, #) is irreducible.

Criterion (a) implies (b). This is commonly proved with the spectral decomposition of
bounded self-adjoint operators. Let A be in Homg (7, 7). Then A* € Homg (m, 7).
So for the proof we may assume A to be self-adjoint. Write A = ffgo AdE) (spectral
decomposition of A). Since 7 (x)Amw(x~!) = A for all x € G, the same holds for all Ej:
7(x)E;n(x~ ) = E; forallx € G. By (a) we get E; = O or I. So A = ¢ I for some
constant c. So (a) and (b) are equivalent. The criteria (a) and (c) are easily shown to imply
irreducibility and to be equivalent, applying Lemma 5.1.3 (b). Furthermore, (a) and (d)
are equivalent, again by this lemma.
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Let (7, J¢) be unitary and f € L(G). For any pair of vectors v, w € ¥ the
integral

/ F(x) {m(x)v, w) dx
G

exists and one has

[ £ tmw.w) x| < 111 ol ull

Therefore A € End(#) exists with || A]| < || f|1 and
(Av,w) = / F) {m(x)v,w) dx (v,w e H).
G

We shall write A = 7 (f) (also: f(n)), so in particular |7 (/)| < I|.f |1

Examples. 1. Let G be as before. For s € G let Ly be the operator on L?(G)
defined by

(Ls /)(x) = f(s7'%)  (f € LX(G),x € G).

We shall denote the mapping s — Lg by L. One verifies that (L, L%(G)) is a
unitary representation of G, the left regular representation. Let A be the Haar
modulus of G. For s € G let R be the operator on L?(G) defined by

(Rs [)(x) = A'2(s) f(xs)  (f € L*(G), x € G).

Denoting the mapping s +— Ry by R, one easily checks that (R, L?(G)) is a
unitary representation of G as well, the right regular representation.
For f € L?(G) define 1’ € L?(G) by

1) = ATY2(x) (7.

Set Af = f’. Then A is a unitary operator from L?(G) onto L?(G) and, in
addition, A € Homg (L, R). Therefore L and R are unitarily equivalent.

2. Any irreducible unitary representation of a locally compact abelian group G
is one-dimensional. This follows at once from Schur’s lemma. If (7, #) is such
a representation, then one can write w(x) = y(x)I for all x € G, where y is a
(continuous) homomorphism of G into T. We call y a (unitary) character of G.
We leave it to the reader to show that in the case G = R the characters are given
by xy(x) = ™% (x € R), where y runs over R.

The following results are standard, and will not be proved here. See [53].

3. Any finite-dimensional representation of a finite group is equivalent to a unitary
representation.
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4. Any representation of a compact group on a Hilbert space is equivalent to a
unitary representation.

5. The group G = SL(2, R) admits no non-trivial finite-dimensional unitary rep-
resentations.

(ii) Positive-definite functions

We begin with an unusual definition.

Definition 5.1.5. A complex-valued locally integrable function ¢ is said to be
positive-definite if

[ [ o 1y) (1) FO) dxdy = 0
GJG
forall f € C.(G).

Such a function ¢ defines in a natural way a Hilbert space #, as follows. For
f. g € C.(G) define

(f.9)p = /G /G oG 1y) £(x) FO) dxdy. 5.1.1)

This gives a positive sesqui-linear Hermitean form on C¢(G). Let K, = {f :
(f, /) = 0}. From the Cauchy—Schwarz inequality (which holds for such forms)
it follows that K, is a linear subspace of C.(G). In a natural way we thus have on
C:(G)/ K, a genuine scalar product. Let #, be the Hilbert space completion of
this space.

For s € G let L be defined on C.(G) by L f(x) = f(s™'x), x € G. Itis
clear that (Ls f. Lsg)y = (f.8)e for f.g € C¢(G). Thus L can be uniquely
extended to a unitary operator on #,. We even obtain a unitary representation of
G on H,: (L, Hy). To show the continuity of this representation, it suffices to
show that

s> (Lsf. 8o

is continuous for any pair f, g € C.(G). It even suffice to show the continuity at
s = e. One has

(Lot = £l = | [ [0t 1Les ) = FN 50T dxay]
=| [ [ewr s - swyet axay|

< LS = fll1 - Igloo- /K lo()] dy.
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where K is a compact subset of G, depending on Supp f and Supp g. Now apply
Section 4.6 (iii).

Theorem 5.1.6. Any bounded positive-definite function ¢ (i.e. ¢ € L*) coincides
almost everywhere with a continuous positive-definite function.

Let V be a neighbourhood of e and choose {uy } as in Section 4.6 (vii). For f € C.(G)
one has

(ﬁuv)wa/Gf(x)mdx as V — {e). (5.1.2)

Indeed,

(fouy) = /G /G F@ IO e y) dxdy

— [ [t r0)e6T dxdy = [ v £+ d
GJG G
— f*@e) as V — {e},
because f * ¢ is continuous. Furthermore we have for f € C.(G)
[ 1wt as] < 1122 17T (5.13)

Indeed,
[(fruv)ol> < (fs o v uv)y < llolloo - 1 /112

for all V. So we can extend f +— fG f(x)@(x) dx to a bounded linear form on #,.
Consequently e € #, exists such that

(f.e)p = fG FEemdx for f € ColG).

Then also

(Lot fi6)p = /G Fis™x) 900 dx

and

(. Lye)y = /G F() pl-Tx) dx

for f € C.(G). We now have

(f.8)¢ = fG (f.Lse)y g(s)ds (5.1.4)

forall f, g € C.(G).
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Both sides of (5.1.4) are continuous in f, hence (5.1.4) holds for all f € #, and
g € C:(G). In particular

@@¢=L@LﬁMHSW=@ﬁM

=/¢maﬁw
G

for all g € C.(G). We may conclude that ¢(s) = (e, Ly &), almost everywhere. The
right-hand side is continuous (and positive-definite).

Remark 5.1.7. (1) Apparently any bounded continuous positive-definite function
@ is of the form ¢(x) = (e, m(x)e) (x € G), where 7 is a unitary representa-
tion of G on a Hilbert space # and ¢ € K.

(2) The vector ¢ € H,, is cyclic: is (f, Lye)y = 0 for all s € G and for some
f € Hyp, then (f, g)y = Oforall g € Cc.(G) (see (5.1.4)), hence f = 0.

(3) Given a unitary representation (7, #) of G and ¢ € #, then the function
@(x) = (e, w(x) &) is continuous and positive-definite. Indeed we have

/ / FG) FO) e (1 y) &) dxdy
GJG

- / / £ FO) (r()e. () &) dxdy = [(f)e]? = 0
GJG

forall f € C.(G).

(4) One can show (exercise): if (7w, #) is a unitary representation of G with cyclic
vector v, and ¢(x) = (v, 1 (x)v) (x € G), then (7, #) is unitarily equivalent
to (L, #y) by means of a unitary intertwining operator A : #H — Hy, which

maps v to &.

(5) Any continuous positive-definite function @ is also positive-definite in the fol-
lowing sense: for any n, any n-tuples x1,...,x, € G and oy, ..., € C
one has

n
Z a;oe(x; x;) > 0.
ij=1
The converse is also true (cf. [8, 13.4.4]).

Similar to Section 2.7 one can show:

Lemma 5.1.8. Let ¢ be a continuous positive-definite function. Then
(@) ¢(e) =0,
b) ¢ =70,

(©) |e(x)| < @(e) forall x.
In particular, any continuous positive-definite function is bounded.
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We conclude this section with two exercises:
(1) If ¢; and ¢, are continuous positive-definite functions, then the pointwise
product @1 - @5 is also a continuous positive-definite function.

(2) Let ¢ be a continuous positive-definite function with ¢(e) = 1. The set of all
x € G for which ¢(x) = 1 is a closed subgroup of G.

5.2 Some functional analysis

(i) Weak topologies

Let X be a normed complex linear space with dual space X *. The weak topology
on X, denoted by o (X, X*), is the weakest topology such that all linear forms
X = (x,x*) (x* € X*) are continuous.

A weak neighbourhood basis of xg in X is given by the sets of the form

O(x0;X7,....xp8) ={x e X :|(x —x0.x])| <e(@=1,....,n)},

where x{,...,xy € X*and ¢ > 0.

Provided with this topology X is a topological vector space.

A sequence {x,} in X converges weakly to xo € X if lim,—o0(Xp,x*) =
(xo,x™) for every x* € X*.

The norm topology is stronger than the weak topology, hence a weakly closed
linear subspace of X is certainly strongly closed.

Theorem 5.2.1. A strongly closed linear subspace L of X is also weakly closed.

If xo ¢ L, then x5 € X™ exists with x5 (L) = {0} and (xo,x;) = 1 (Hahn—Banach’s
theorem). So O(x;x5;1) N L = @. Hence the complement of L is weakly open.

One also provides X* with a weak topology, denoted by o(X™*, X). It is the
weakest topology making all forms x* — (x,x*) (x* € X*; x € X) continuous.
A neighbourhood basis of x* € X* is then determined by finitely many elements
X1,...,XpIn X and ¢ > O:

O(xg; X1, xps8) ={x* e X" 1 |(x" —xg,x1)| <e (@ =1,...,n))}.

Notice the difference between the way of defining o (X, X*) and o (X ™, X). If
X is reflexive both definitions are similar.

Theorem 5.2.2 (Alaoglu’s theorem). For any normed linear space X the unit ball
S* = {x*:||x*|| < 1} in X* is compact in the weak topology o (X*, X).
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Assign to every x € X the compact disk Cy = {A € C : |A] < ||x||}. The Cartesian
product P = [[{Cy : x € X} consists of all (uncountable) “sequences” {1} with A, €
Cy forall x € X. According to Tychonov’s theorem P is compact in the product topology.
Any x* € X* is determined by its values (x,x*) (x € X). Assign to x* € S* the
“sequence” {Ax} = {(x,x*)}. Since [|[x*|| < 1 we have [Ax| < [lx]|, so Ax € Cx and
{Ax} € P. By x* — {(x,x*)} we get a mapping from S* onto a set T C P. From the
definitions of the topology in P and S* it follows that this mapping is topological. It is
therefore sufficient to show that 7 is closed in P.

Take a point {{1,} in T, the closure of 7. Every neighbourhood of this point contains
an element of 7', thus a continuous linear form on X; we shall show that {{t,} shares this
property with its neighbours. For xg, yo € X let z stand for xg, yg, cxg or xg+ yo (¢ € C),
while ¢ > 0. The set of all elements {A,} € P with |[A; — ;| < ¢ is a neighbourhood
of {itx} and contains a point {(x,x*)} of 7. This yields four inequalities, e.g. [(xo +
Y0, X%) — x4y | < €forz = xo + yo; we get

|Mx0+yo — Hxp — Myo' < 3g, |cﬂxo - Mcxo| < (|C| + 1)8 forall e > 0.

Consequently {ux} € T,soT =T.

(ii) The adjoint of an operator

Let X and Y be complex normed linear spaces and 7" a continuous linear operator
from X into Y, so T € Hom (X, Y'). We shall write End(X) for Hom(X, X). For
y* € Y* the mapping x + (Tx, y*) is a continuous linear form on X, because

[(Tx, y )= My* I IT I x],
soin X *. Call this form T*y*. We thus have
(Tx,y*) = (x,T*y*) (xe X, y*eY™).

We immediately see that 7* € Hom (Y™, X*). The operator T* is called the
adjoint of T (this definition is due to Banach). We observe that | T*| < || T||.

Lemma 5.2.3. Let T € Hom(X,Y). Then |T*| = ||T|.
From || T x| = sup{|(Tx, y*)| : |[y*|| < 1} (by Hahn—Banach’s theorem) it follows

IT*| = sup [T*y*||= sup sup [(Tx,y")
Iy*ll<1 Iy*ll<1 fxl<1

= sup |[Tx[| = [T].
1

llxll<

Observe that there is a slight difference with the definition of the (Hilbert-)
adjoint of A € End(#), when J# is a Hilbert space.
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The proof of the next theorem is left to the reader.

Theorem 5.2.4. Let X and Y be complex normed linear spaces.

(@) If T € Hom(X,Y), then T* : Y* — X™ is continuous with respect to the
weak topologies of Y* and X *.

(b) If T € Hom(X,Y) and S € Hom(Y, Z), then (ST)* = T*S*.
(¢c) The adjoint of the identity operator on X is the identity operator on X *.

The mapping T + T* is therefore an anti-isomorphism from End(X) into
End(X™).

(iii) Krein—-Milman’s theorem

For the first part of this paragraph we refer to [34, I §3] and [4].

Let X be areal or complex vector space. One calls X a topological linear space
or topological vector space if X is provided with a Hausdorff topology such that
addition and scalar multiplication are continuous operations.

A topological linear space X is said to be locally convex if zero has a neighbour-
hood basis consisting of symmetric convex sets (i.e. sets S satisfying: if x € S
then also ax € S for all scalars o with || < 1)

Let K be a convex set in a locally convex space X, which contains zero as an
interior point. The set K thus contains a symmetric convex neighbourhood U of
zero. Let x € X. There exists § > 0 such that ax € U for |¢| < § and thus
ax € K for |a| < 4. Sox € éKforlod <.

Define p(x) = pg(x) =inf{f : B > 0, x € BK} (x € X).

Lemma 5.2.5. The function p is a convex functional: p(x) > 0; p(x + y) <
p(x)+ p(y); plax) = ap(x) fora > 0.

Clearly p(x) > 0. Furthermore it easily follows from the definition of p that p(ax) =
ap(x) for @ > 0. For any ¢ > 0 we have x € {p(x) + ¢} K. So mx € K and

y € K. Since K is convex, we also have (1 —t) p(x1)+s X +tp(yl)+s y €

p(y)+e
p(x)+p(y)+e-

Substituting this value of ¢ yields: m e K,sox+y e (p(x)+p(y)+2¢) K for
all e > 0. This gives p(x + y) < p(x) + p(y) + 2¢ and hence p(x + y) < p(x) + p(»).

(similarly)

1
r(y)+e
K for 0 <t < 1. Solving ¢ from the equation (X)H = m gives t =

Clearly p = pg is symmetric, i.e. p(ax) = || p(x) (« a scalar, x € X), as
soon as K is a symmetric (convex) set.

For any x € K we have p(x) < 1. On the other hand, if p(x) < 1 then x € K.
So p(x) > 1forallx ¢ K.
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Notice that p is continuous on X. Therefore the set K of interior points of K
is equal to K = {x : p(x) < 1}. Furthermore the boundary of K is equal to
K\K ={x: p(x)=1}.

Examples of locally convex linear spaces are: normed linear spaces, normed linear
spaces X provided with the topology o (X, X *) and X* provided with o (X*, X).

The following lemma is interesting, but it is not used in this section. Neverthe-
less, we like to mention it.

Lemma 5.2.6. A locally convex linear space admits sufficiently many continuous
linear forms to separate its points.

Let xo # 0in X. According to the above theory there is a symmetric convex functional
p with p(xg) > 0. Set f(axg) = ap(xp). The function f is a linear form on Cxg, such
that | f(x)| < p(x) forall x € Cxg and f(x9) = p(xp). According to Hahn—Banach’s
theorem, f can be extended to a linear form on X such that | f(x)| < p(x) forall x € X.
Since p is continuous, f is continuous as well.

After these introductory remarks, we can formulate Krein—Milman’s theorem.

Let K be a set in a locally convex linear space X. A point xo € K is said to
be an extremal point of K if xo can not be written in the form ta + (1 — ¢)b for
some a,b € K and 0 <t < 1. We shall denote the set of extremal points of K
by ext(K). Example: X = R”, K = {x : ||x] < 1}; ext(K) = {x : ||x|| = 1}.
By co (K) we denote the closed convex hull of K, the smallest closed convex set
containing K.

Theorem 5.2.7 (Krein—-Milman). If K is a compact subset of a locally convex lin-
ear space X and E the set of its extremal points, then co(E) D K. So co(E) =
co(K) andco (E) = K if K is convex.

We shall prove this theorem in a number of steps. The proof is similar to the
one given in [10, V §8].

First of all we take X real and we shall write X, to emphasize this fact.

Let S and S» be non-trivial subsets of X,. We shall say that S; can be sepa-

rated by S, if there exists a continuous linear form u 7 0 on X, and a constant ¢
such that #(S1) < ¢ and u(S2) > c¢. We shall write in that case S sep S>.

The next proposition is evident.

Proposition 5.2.8. Let S1 and S be as above. Then one has:
(a) Sy sep Sy if and only if S» sep St (symmetry).
(b) Sy sep S, if and only if S1 — S» sep {0} (transitivity).
(¢c) S1sep Sy ifandonlyif S1 — x sep S; —x (x € X).
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Lemma 5.2.9 (Separation theorem). Let M and N be non-trivial, disjoint, convex
sets. Assume that M has an interior point m. Then M sep N.

According to Proposition 5.2.8 (c) we cantake m = 0. Fix p € N. Then —p € M — N
and —p is an interior point of M — N. Hence zero is an interior point of Q = M —
N + p. Since M NN = @, wehave 0 ¢ M — N,so p ¢ Q. The set Q is a convex
neighbourhood of zero. Then py is defined and define u,(« p) = o po(p) (@ € R). We
have po(p) > 1. Extend (using Hahn—Banach’s theorem) the linear form u, on R p to
all of X, satistying |u,(x)| < po(x) for all x. Then u,(Q) < 1, u,(p) > 1. Hence
QO sep {p},so M — N sep {0},s0 M sep N.

Lemma 5.2.10. Let C be a closed convex subset of X, and p ¢ C. Then there is
u € X and ¢ > 0 such that

u(C) <c—e<c=u(p).

The set p — C is closed and convex, 0 ¢ p — C. There is a convex symmetric neighbour-
hood Uy of 0 with Uy N (p — C) = @. By the separation theorem there exists u € X' and
a constant d with u(p — C) > d and u(Uy) < d, u # 0. We may assume d > 0, since
u # 0. Hence u(p) > u(C) + d. In addition u(p) > u(p) —d > u(C). Take ¢ = u(p)
ande =d.

We shall now consider the complex case. So let X, be a complex locally convex
linear space. Of course, X can also be seen as a real locally convex linear space,
which we call then X,. If f € X, thenRe f € X . Conversely, every g € X is
the real part of some f € X; indeed take

f(x) =g(x) +iglix).

The correspondence f + Re f from X} to X is one-to-one (and onto). The
following lemma is obvious.

Lemma 5.2.11. Let C be a closed, convex subset of X and let p ¢ C. Then there
isu € X} and & > 0 such that

Reu(C) <c—¢e <c =Reu(p).

Let K be a subset of a real or complex linear space. A non-empty subset A of K
is called an extremal subset of K if the following property is satisfied: if a strictly
convex combination {tk; + (1 —t) k2|0 < t < 1}, of two points k1,kr € K
is contained in A, then both k; and k, belong to A. An extremal subset of K
consisting of a single point is an extremal point of K.

Lemma 5.2.12. Any non-empty compact subset of a locally convex linear space
has extremal points.
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Let K C X be compact, X locally convex, K non-empty. Denote by +4 the (non-empty)
family of closed non-empty extremal subsets of K. We order -+ by inclusion. One easily
sees that if 4 is a totally ordered subfamily of A, then () 4c4 , A is anon-empty, closed,
extremal subset of K, which is a lower bound for 4;. By Zorn’s lemma there exists a
minimal element Ay in 4. Suppose that A contains at least two different points p and
q. Then we can find x* € X* with Rex*(p) # Rex™(q). Hence A4; = {x : x € Ay,
Rex*(x) = infyeq, Rex™(y)} is a proper, non-empty, subset of Ag. On the other hand,
ifky,ky € Kandtk; + (1 —t)k, € Ay forsome 0 < ¢ < 1, thenky,k, € Ag. According
to the definition of A; we even have kq,k, € Aj. So A; is a proper, closed, extremal
subset of A, which yields a contradiction. Hence A contains only one point, an extremal
point of K.

Lemma 5.2.13. Let K be a subset of a linear space, Ay an extremal subset of K
and Ay an extremal subset of A1. Then Ay is an extremal subset of K.

The proof of this lemma is easy and left to the reader.
We are now ready to prove Krein—Milman’s theorem.

Let there exista p € K with p ¢ co(E). By Lemma 5.2.11 there is a x* € X *, a constant
¢ and ¢ > 0 with Re x*(p) < ¢, Rex*(co(E)) > ¢ + &. Set

Ki ={x:x € K, Rex*(x) = inf Rex*(y)}.
yeK

The set K is a closed extremal subset of K and K; N E = @. By Lemma 5.2.13, K has
no extremal points. But this contradicts Lemma 5.2.12. So co (E) D K. The remaining
statements are clear.

5.3 Elementary positive-definite functions

Let Jy be the set of all continuous positive-definite functions ¢ on G satisfying
p(e) < 1. We identify £y with the subset of L°°(G) consisting of the positive-
definite functions ¢ with ||¢|lec < 1. Clearly Py is weakly, i.e. o(L>®, L1)-,
closed, so by Alaoglu’s theorem it is weakly compact. It is therefore a compact
convex subset of the space L°°(G), which is clearly a locally convex linear space
with respect to the topology o (L%, L'). By Krein—-Milman’s theorem we con-
clude that Py is the closed convex hull of its extremal points.

Lemma 5.3.1. The extremal points of Py are given by

(a) the zero function,

(b) the functions ¢ € Po with p(e) = 1 (¢ continuous), which satisfy the condi-
tion: if ¢ = @1 + @2 (1,02 € Po) then there is A > 0 such that o1 = A,
¢2 = (1-2)p.
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The functions of type (b) are called elementary positive-definite functions.

Theorem 5.3.2. Let ¢ be a continuous positive-definite function on G with ¢(e) =
1. Then ¢ is elementary if and only if the associated unitary representation of G
in Hy, is irreducible.

Let ¢ be an elementary positive-definite function with ¢(e) = 1 and let (L, #,) be as
usual. Then ¢(x) = (e, Lx€e), (x € G) where ¢ a cyclic vector with ||e|, = 1. We shall
show that (L, #,) is irreducible. Let P be an orthogonal projection onto a closed linear
subspace of #,, which commutes with all Ly (x € G). We may then write

p(x) = (e,Lxe)y = (P&, Lxe)y + (6 — Pe, Lx&)y
= (Pe,LyPe)y + (¢ — Pe,Lx(e — Pg)), (x € G).

Hence (Pée, Lxg)y = A (g, Lxe), for some A > O and all x € G, so Pe = A ¢, and since
¢ is cyclic and L, commutes with P, P = A1,s0 P = 0 or P = [I. This proves the
irreducibility.

Let now ¢ be continuous, positive-definite, ¢(e) = 1, and let (L, H#,) be irreducible.
Suppose ¢ = @1 + ¢, for some @1, > € Po. Itis clear that (f, f)y, < (f, f), for all
f e C.(G).

Since |(f,8)p1* < (fs o (8,2)0 (f. g € Cc(G)), it follows that (f, g),, defines a
bounded sesqui-linear form on H,. Therefore there exists a self-adjoint A € End(#,)
with

(f:8)e1 = (A1 8)e
for all f, g € C.(G). Furthermore we have, for all f, g € C.(G),

(ALs .89 = (Ls f:8)gy = (fi Ls—18)py = (Afs Lg—18)p = (LsAS, &)

forall s € G, hence ALy = LA forall s € G. By Schur’s lemma we get A = A [ for
some A > 0. Consequently, (f.g)y, = A (f. g)p forall f,g € Cc(G), so ¢1 = Agp. This
completes the proof of the theorem.

We now proceed with the special case that G is abelian.

Theorem 5.3.3. Let G be an abelian locally compact group. The elementary
positive-definite functions are precisely the unitary characters of G.

Let y be a unitary character of G. Then clearly y(e) = 1 and

[ [ 27w s Foraxdy = | [ 30 fax| =0 (7 e .
GJG G

so x is positive-definite, and it easily follows that dim #, = 1. Hence (L, #,) is irre-
ducible and thus y elementary.

Conversely, let ¢ be an elementary positive-definite function. Then the space #,, is
one-dimensional, L, = y(x) I, where y is a unitary character of G. Moreover ¢(x) =
(8, Lxg)y = x(x) forall x € G, since ||¢]l, = 1.
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5.4 Fourier transform, Riemann-Lebesgue lemma
and Bochner’s theorem

From now on G will be abelian in this chapter.

(i) The dual group

The unitary characters of G and the zero function together form the set of extremal
points G’ of $y. The subset of all unitary characters will be denoted by G. Clearly,
G is an abelian group with respect to pointwise multiplication.

Theorem 5.4.1. (a) The set G’ is closed in the topology o (L™, LY), hence G' is
weakly compact and thus G is locally compact.

(b) On G the topology o (L, L) coincides with the topology of uniform con-
vergence on compact subsets of G.

Remark 5.4.2. (1) The topology of uniform convergence on compact subsets has
the following basis (and neighbourhood basis): fixing yo € G, K C G com-
pact and ¢ > 0, we consider

U(ro.K.6) ={x € G : |x(x) — yo(x)| < eforall x € K}.

(2) Pontryagin defined the above topology on G in case G is countable, Van Kam-
pen considered, independently, the more general situation where the group G
satisfies the second axiom of countability.

(3) Provided with the topology of uniform convergence on compact subsets, G is
a topological group.

We shall now give the proof of Theorem 5.4.1.

(a) Let ¢, € G converge weakly to g9 € Py, o # 0. (If G does not satisfy the second
axiom of countability, we have to consider filters instead of sequences.)
Take fi, f» € L'(G). From the relation

f (i % f2) () gn () dix = / / A1) £0) 7n () on () dxdy
G GJG

we get the same relation for ¢g. Writing

/ (fi % £2)() o) dx = / / AG) £0) 2oy dxdy,
G GJG
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we obtain @o(xy) = @o(x)@e(y) for all x,y € G. We know ¢o(e) # 0 and thus, in
particular, we have gg(e) = 1. Since ¢g is bounded, we finally get |@o(x)| = 1 for all
x € G, hence g € G. Therefore G’ is weakly closed.

(b) Let ¢ € G. A weak neighbourhood U(g; fi,..., fu;€) N G of o, (fi,.... fn €
L';e > 0) always contains a neighbourhood of the form U (¢; K’; &’). Indeed, for suffi-
ciently large K’ and sufficiently small ¢’, the relation |p(x) — y(x)| < & for all x € K’
implies

‘/;;ﬁ(x)mdx_/;fi(x)mdx <e

fori =1,...,n.
Conversely, let U (g, K, €) be given. We shall show that this set contains a set of the

form U(g; f1..... fui€)N G for some fi.-.., fn € LY and & > 0. This is more difficult
to show. The proof is in two steps.

(1) Let f € L'(G) be given. For any K and ¢ > 0 there is a weak neighbourhood V,, of
¢ such that

‘/Gf(xy)mdy—/Gf(xy)mdy <e

forallxeKand)(eaﬂV(p.

(2) Select f such that fG JS(x)p(x)dx # 0. There is a weak neighbourhood U, of ¢
such that

Jo S0y Jg f(xy) 2O dy
Je feMdy [ fF() x(y)dy

<é&

forallxeKand)(qu,ﬂa

It now easily follows from (2) that |¢(x) — x(x)| < eforallx € K and y € U, N 6,
hence U, NG C U(p, K, ¢).

Let us first show (1). There exists a neighbourhood W of e in G such that [ | f(xy) —
f)|dy < ¢e/3 forall x € W. The translates Wz (z € K) of W cover K. Hence there
are zy, ..., zy such that (Wz,)1<p<n already cover K. Set f,(y) = f(z,y). Choose V,
such that

)/an(J’)mdy—/an(y)mdy‘ <e/3

forl<n<Nand y eV, N G. This means

‘/Gf(zn)’)mdy—/(;f(zny)mdy‘ <¢/3.
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Choose z € K, say z € Wz,. Then we have: if y € V, N 6, then
[ renatiay = [ renatial
<| [tren = semamia|+ | [ ren - remnioia

n ‘[Gf(zny){m_m}dy‘
<Eé&.

Statement (2) follows easily by choosing U, smaller than V,,, namely such that for
sufficiently small &’ > 0 in addition holds

[ rmemiar - [ roraias] <

The group G isthusa locally compact group, the dual group of G. The elements
of G’ we denote by X, 7, Z etc. and we shall write (x, X) for x(x). Observe that X
may be the zero function.

(ii) The Fourier transform of functions in L1(G)

The Fourier transform f of a function f € L'(G) is defined by
f(&) = / fx)(x,X)dx (R eq).
G

It is immediately seen that f is continuous on G’ in the weak topology of L.
Moreover f 0) =0.

We shall identify now the point zero of G’ with the point “co” (infinity) of G.
Adding the point co makes G compact, the one-point compactlﬁcatlon of G. We
thus get the Riemann—Lebesgue lemma: f restricted to G, vanishes at infinity.

Here are some properties of the Fourier transform:

(i) f is continuous on G; | ()| < ||/ |1 forall £ € G, f € LY(G),
() Af +pug) =Af +ug (A ueC; fgeLY(G)),

(i) (f*xg) =& (f.geL G)),

(V) (Laf) B) = @.%) f(®) (aeG: feL'G)),

W LaHD) =@ f) (R @eG: feL(G))

W) F=F (feLl@))
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We conclude that the set of all f with f € LY(G) is an algebra under the
pointwise multiplication, called ¥ !(G’), with the following additional properties:

(1) any F € F1(G’) is continuous on the compact space G';
() if F € F1(G'), then F € F1(G');
(3) F(0) =0forall F € F1(G’). If X # § then there exists F € F1(G’) with
F(X) # F().
By Stone—Weierstrass’ theorem, every complex-valued continuous function on

G’ which vanishes at X = 0, can be uniformly approximated by functions from
F1(G"). So if p is a bounded measure on G satisfying fG (X)du(x) = 0 for

all f € L1(G), then u = 0. This remains true if fG f(x) du(x) =0for fina
dense subset of L1(G).

(iii) Inverse Fourier transform of a measure on G. Bochner’s theorem

Let 1 be a bounded measure on G. Set

(T*1)(x) = /6(x,fc> du().

By approximating p by measures with compact support, and observing that (x, X)
is continuous on G x G (use the topology of uniform convergence on compact
sets), it follows that 7* i is a bounded continuous function on G. Furthermore we
have, if f € L1(G),

i@ ant = [{ [ oo} duc
= [ [EBanilax = [ roo@mwas.

LetT : LY(G) — €0(6) be given by Tf = f Then clearly T* is the adjoint
of T
Because the image of T is dense in €y(G), T* is one-to-one.

Theorem 5.4.3 (Bochner’s theorem). Let Mo = {u € MY(G) : u > 0, ||| <
1}. Then Py = T*(My).

(1) My is closed in the topology o (M! (6), € (6)), so by Alaoglu’s theorem compact.
(2) T* is continuous with respect to the weak topologies on M! (6) and L*°(G).
(3) T*(My) is compact in the topology o (L*(G), L'(G)).
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4 T*(Mo) C Po
(5) T*(My) is convex and contains G'.

(6) By Krein—Milman’s theorem we now have 7* (M) = Py

Notice that T* : Mo — Py is a topological bijection with respect to the weak
topologies considered above.

5.5 The inversion theorem

(i) Formulation of the theorem

Let again G be a locally compact abelian group, G its dual group. The dual group
is a locally compact group with respect to the topology of uniform convergence on
compact subsets. Let d X be a Haar measure on G. This measure is determined up
to a positive constant, which we now shall fix.

Let V(G) be the set of all complex linear combinations of continuous positive-
definite functions on G (the so-called Fourier-Stieltjes algebra of G). As usual,
denote by M'! (G) the set of bounded measures on G. The operator T*, defined in
Section 5.4, maps M (G) one-to-one onto V(G).

Set VI(G) = V(G) N LY(G), 'VZ(G) = V(G) N L%(G). For any f € V(G)
there is a unique measure py € M 1 (G) such that

£ = /a(x,)%) dus3)  (x€G).

Theorem 5.5.1 (Inversion theorem). The Haar measure dx on G can be normal-
ized in such a way that for any f € VY(G) one has duy(X) = f(X)dX. More
explicitly: if f € L! (G) isa complex linear combination of continuous positive-
definite functions, then f eL! (G) and

flx) = /,G\(x,fc) F(z)dz

for a suitable normalization of d X, independent of f.

Before we proceed with the proof, we give a few remarks. If /' € C¢(G) then
f * f € C.(G) is positive-definite, hence f * f € VI(G). So f * g € VI(G)
for all f,g € C.(G). Consequently, V!(G) is dense in L!(G). In a similar way
V2(G) is dense in L2(G). Furthermore V!1(G) C V?(G) since the functions in
V(G) are bounded.
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(ii) Proof of the theorem

We shall present a proof which is a combination of the one by Cartan and Gode-
ment [7] and Rudin [39].

@If f.g € VUG, then gdpy = f dpug.

Set T'(i) = T* () for all bounded measures (& on G. Then we have
T'(& dpuy) = /A<x,fc>g<>%) dy (%) = /A / (0. 2) 5.5 £ (0) dy dpuy (%)
G GJG
— [ { [ ndur @} s0ray= [ raremrdy =g (0.
G G G

In a similar way 7' ( f dug) = f * g (x). Since T" is one-to-one, statement (a) follows.

(b) Define (see [39]) the functional v on C, (6) as follows:

k(x) . ~

o) = [0 dus@®) (e C@)
G &(x)

where g is a function in VY (G) such that § is strictly positive on Suppk. This

functional is well-defined.

(1) Given k € C, (6), at least one function g € V!(G) exists with the above property.
Indeed, for every x € Suppk there is a u € C.(G) with #1(x) # 0. Hence also (u *
) (%) = |i1(%)[*> > 0, the function u *u being in V! (G). There is a neighbourhood of
where (u *17) (y) > 0 for y in that neighbourhood. Applylng the compactness of Supp k,
we can take for g a function of the form ¢ = uy * Uy + --- + un * Uy with functions
u; € Ce(G).

(2) The definition of v (k) does not depend on the special choice of g. Let f € V! (G) and
f be strictly positive on Supp k, then we have by (a)

k(x) k(%) k(%)
= = d
[ f(x) ( )= / f(x)g(x)g( X)d 1594 *) = / f(x)g(x)f(X) Mg(x)

CR®
- /a S s )

(¢c) The functional v is a non-trivial positive linear form on C.(G), hence v is a
non-trivial positive measure on G.

* vis linear: v(ark; + azks) = ayv(ky) + azv(kz). To see this, select therefore g €
V1(G) such that g is strictly positive on Supp k; U Supp k».

* v is positive: take g of the form g = uy * U1 +--- +uy * Uy withu; € C.(G). Then
Wg is a positive measure, by Bochner’s theorem.
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* v is non-trivial: take f € V!(G), f # 0. Then djy # 0. So there exists k € Cc(a)
with fak duys # 0. Consider now v(k /). Observe that k f € C, (6). We have v(k f) =

f/G\ % dug for g € VI(G), £ strictly positive on Supp k. Furthermore we have

k
vk f) = [ S Fng = [ Tean = [kdus 2o
(d) The measure v is a Haar measure on G.

For Jo € G let (L3,k)(%) = k(§5'%) (k € Ce(G)). We have to show that v(Lj k) =
v(k) for all k € Cc(a). Observe first of all that if g € V!(G) and Jy € G then go =
Yo-g € VI(G) and §o = Lj,8, ftgy = Lj,1tg. The latter property follows from the
identity g(x) = [;(x, %) djug(X), hence

g0(x) = /G (x. $o) dpig (5) = /G (. 2) dug (55 5) = /G (. £) d(Ly 1) (3)

(by definition).

We now arrive at the invariance of v.

Let k € C.(G) and $ € G. Take g € V!(G) such that g is strictly positive on
Jo ! - Suppk. Then we have

k k(x k
oLgb = [ éy(i);) (0= [ A(y?) g duatis' 0 = [ 2 ((X)) UHiso%)
= v (k).

We shall write for v also d . As we already saw under (c), forevery f € V1(G)
one has

k)= [kdus e Co@)
So [kfdi = [skduy forall k € Ce(G) or f(£)d% = dus(%) for f €

V1(G). Since # is a bounded measure, this implies that f e L! (@). In addition
we have

10 = [ Ddug) = [ fiiaz
for all £ € VI(G) and all x € G. This completes the proof of the inversion
theorem.
(iii) Corollaries of the inversion theorem

Corollary 5.5.2. Let f € L'(G) be continuous and positive-definite. Then f is a
positive function on G.

By the inversion theorem dus (%) = f()?) d X, hence f(fc) > 0 for all X because (r is a
positive measure and f is continuous.



5.6 Plancherel’s theorem 69
In particular we have f (&) = f@ f(x)dx > 0.
Corollary 5.5.3. Let F € L'(G) and set f(x) = [5(x.2) F(}R)d%. If f €
LY(G), then F(%) = f()?) almost everywhere.

Observe that f € V!(G) since F(X)d% € M 1(/G\). Hence by the inversion theorem,
fx) = f/G\(x,fc) f(x)dx. Since T’ is one-to-one, we get F(X)dx = f(X)dX, so

F = f almost everywhere.

Remark 5.54.If f € V(G), then f € V1(G).

By the inversion theorem f el (6) If we write f inthe form f = fi— fo+i(fz3— fa)
with f, >0, f, e L! (G) then the functions f, are clearly continuous and positive-definite
on G. Hence f; € V1(G).

Later on we shall see, applying Pontryagin’s duality theorem, see Section 5.7,
that the converse of Remark 5.5.4 is also true.

5.6 Plancherel’s theorem

Let f € LY(G) N L?(G). The function g = f * f is then in "VI(G) and ¢ =
| f |2. By the inversion theorem & € LY(G), hence f € L%(G). Moreover,
gx) = fG (x,X) |f(x)|2 d X, in particular

g(e) =/A|f()?)|2dﬁ?=/ | f(x)]? dx.
G G
‘We have thus shown:

Lemma5.6.1.If f € LY(G) N L2(G), then f € L2(G) and || f |2 = || f |-

The Fourier transform 7 is therefore an isometric linear mapping from the dense
linear subspace L!(G) N L?(G) of L?(G) to L?(G). We can extend T isometri-
cally to L*(G).

Theorem 5.6.2 (Plancherel). T is an isometry from L*(G) onto LZ(G).

We start with some preparations for the proof. Let F € L! (6) N L2(6) and
set, as usual,

(T'F)(x) = /6(x,fc) F(%)d%.
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Then T'F certainly is a bounded continuous function. For any f € L(G) N
L?(G) we have

[ ro@TPmax = [ fo F@az
G G
Notice that f € L2(6), hence
|| AT x| < 1112 = 1 120l

Thus f +— (f,T'F) = [5 f(x) (T'F)(x)dx can be continued to a continuous
linear form on L2(G), hence T'F € L*(G) and |T'F|2 < || F|>.

Lemma 5.6.3. Every function F * G (F,G € C, (6)) is the Fourier transform of
a function in LY(G) N L*(G).

One easily verifies that T'(F * G) = T'(F) - T’(G). Because both 7'F and T’'G are in
L*(G), T'(F * G) isin L'(G), hence by Corollary 5.5.3, F * G is the Fourier transform
of T'(F * G). We also have of course 7'(F * G) € L*(G).

Proof of Plancherel’s theorem

The space T(L?(G)) is closed in Lz(@) (a Banach space in a Banach space is
closed). From Lemma 5.6.3 it follows that T(L?(G)) is dense in L?(G). Hence
T is onto. This completes the proof of Theorem 5.6.2.

Corollary 5.6.4 (Uniqueness theorem). The Fourier transform is one-to-one on
LY(G).

Let f € L'(G) and f = 0. Forallu € C.(G) we have f xu € L'(G) N L?(G) and

(f = u) = 0, therefore by Lemma 5.6.1 f * u = 0. Taking an approximate unit for u, it
follows that f = 0.

5.7 Pontryagin’s duality theorem

To any x € G we assign the character «(x) € G defined by
(@) = (x5  (teh)
Notice that a(x) is continuous.

Theorem 5.7.1. The mapping x +— «(x) is an algebraic and topological isomor-
phism of G onto G.
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Pontryagin [35] has proved this theorem for compact and discrete groups, while Van Kam-
pen [54] gave a proof for locally compact abelian groups satisfying the second axiom of
countability. Compare this with Remark 5.4.2 (2).

The proof is in four steps:
(1) « is an algebraic isomorphism from G onto «(G),

(2) «a is a topological isomorphism from G onto «(G),
(3) a(G) is closed in G,
(4) a(G) is dense in G.

Lemma 5.7.2. The functions of the form u x v with u,v € C.(G) separate the
points of G.

Let a € G and let U be a neighbourhood of the unit element e. We shall show that there
exists a function f of the required type with f(a) # 0, Supp f C aU. Let V be a
symmetric neighbourhood of e with V2 C U and choose k € C.(G) with the properties:
k =0, k(x) = k(x7') (x € G), Suppk C V and [;k*(x)dx = 1. Then f =
Lq(k % k) = Lgk = k satisfies the above conditions.

We shall now prove Theorem 5.7.1 step by step

(1) The mapping « clearly is an algebraic homomorphism from G to G. Suppose
that for certain x, y € G we have (x,X) = (y,X) forall X € G. If f e V(G)
we then get, by the inversion theorem, f(x) = f@ (x, %) f (x)dx = f(y). Since
all functions of the form u * v (u,v € C.(G)) are in V1 (G), it follows from
Lemma 5.7.2 that x = y. So « is one-to-one.

We have shown: a locally compact abelian group has sufficiently many characters. In
a more general setting one can show: a locally compact group admits sufficiently many
irreducible unitary representations (proved by I. M. Gelfand and D. Raikov, for compact
groups by H. Weyl).

(2) The following result from general topology is very useful here.

Lemma 5.7.3. Let X be a locally compact topological space and ¥ a family of
complex-valued continuous functions on X satisfying

(a) all functions in ¥ vanish at infinity,
(b) F separates the points of X,
(¢c) there is no point in X where all functions in ¥ vanish.

Then the weak topology on X defined by ¥ (i.e. the weakest topology on X such
that all functions in ¥ are continuous) coincides with the topology on X.
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Let Xoo be the compactification of X by co. The functions in ¥ can be viewed as con-
tinuous functions on X, vanishing at co. Let 7# be the topology on X, defined by ¥ .
This topology is Hausdorff by (b) and (c). Clearly t# is weaker than the existing topology
on X . Since X is compact, the two topologies coincide on X, so on X (use that any
compact subset in a compact Hausdorff space is closed).

Let 8 be the complex linear space spanned by functions of the form u * v with
u,v € C.(G). The space B is dense in L!(G). Notice that B C V!(G).

Lemma 5.7.4. T(B) is dense in L' (6)

Let £ € Co(G), f > 0. Set g = Vi.sof=g%ge C.(G). By Plancherel’s theorem
there is u € C.(G) with

lg—ill2<e  (e>0, given).
Then we now have
If—@x*u) |y =g -g—1-il

<llgg =Wl + la(g =) < ligl2llg —ull2 + lall2llg — 2
<llglae+(lgll2 + &) e =eQlgl2+ ).

We now apply Lemma 5.7.3 to ¥ = T(8). Any open neighbourhood of x € G
is given by

U(x;fl’---’fl’l;g)
_ {y €G- ‘/a]fi()z)(x,)z)dfg—/éf}(fc)(y,fc)dﬁ‘ <egforl <i En},
where f1,..., fn € B. Transfer this neighbourhood to «(G):
Ua(x); fi,..., fui€)
= {a(y) : ([Aﬁ(g)a(x)(fc)dfc—/Af?(fc)a(y)(ﬁ)dﬁ\ <eforl =i f”}-
G G

Since all elements of G have norm equal to 1 in Loo(a), it follows now from
Lemma 5.7.4 that the transferred topology on «(G) coincides with the restriction

of the topology U(L“(@), Ll(@)) on G to a(G). Hence « is a topological iso-
morphism from G onto @ (G).

(3) A subgroup of a locally compact group, which itself is locally compact in the
induced topology, is closed.

From this we immediately conclude that «(G) is closed in G.
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Since G satisfies the second axiom of countability, G is metrizable and complete by Sec-
tion 3.3 (vii). If H C G is locally compact, the same holds. A complete subspace of a
complete space is certainly closed.

(4) Suppose a(G) is not dense in G. Then there is @ € G and a neighbourhood
U, of a such that U, N a(G) = @. There exists a function F of the form F =

Fix F, (F1,F; € Cc(é)) with F(a) # 0 and Supp F C U, (see the proof of
Lemma 5.7.2). By Lemma 5.6.3 there is H € L'(G) such that

F(;%):/aO%,fc) HG s  Ged)

Hence f/G\(x, X)H(x)dx = 0forall x € G. Since T’ is one-to-one, H = 0 a.e.,
so F' = 0, which gives a contradiction.

The theorem now follows from (1), (2), (3) and (4).

5.8 Subgroups and quotient groups
Given a closed subgroup H of G,let H- = {£ € G : (x,%) = 1 forall x € H}.
Theorem 5.8.1. Let H be a closed subgroup of G. Every element x of G with
(x,%) = 1forall ¥ € H' belongs to H.

The proof is based on the following lemma.

Lemma 5.8.2. In order that f € V(G) is right-invariant under H, it is necessary
and sufficient that Supp jur C HL.

The condition is clearly sufficient. Now assume f(xh) = f(x) forallx e Gandh € H.
Then we get

/A(x»e) (h.3) dyuy (R) = /A<x,fc) diiy (%)
G G

forallx € G and h € H. Therefore (h, X) djuy(X) = duys(X)forallh € H,so (h, %) =1
for X € Supp jif.

Proof of the theorem

Clearly H C (H1)*. From Lemma 5.8.2 we see that any H -invariant f € V(G)
is also (H~+)L-invariant. It is thus sufficient to construct, for every x ¢ H, a
function f € V(G), invariant under H, with f(x) # f(e). This can easily be
achieved by working on G/H and applying Lemma 5.7.2. This completes the
proof.
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Corollary 5.8.3. Let H be a closed subgroup of G. Then (G/H )A ~ H* and
H~G/H".

The first statement is easy: the natural isomorphism is clearly an algebraic isomorphism.
It is also a topological isomorphism since any compact set in G/H 1is the image under the
projection 7z of a compact set in G, see Section 3.5 (i). The second statement follows by
duality and Theorem 5.8.1.

5.9 Compact and discrete abelian groups

Theorem 5.9.1. If G is discrete, then G is compact.

It suffices to show that 0 € G’ is an isolated point (notations as in Section 5.4). Let us
consider the function € on G satisfying e(e) = 1, e(x) = 0 for x # e. Clearly ¢ € L'(G).
Let us take the usual counting measure on G as Haar measure. So every point of G has
mass equal to one. The Fourier transform ¢ is the function that is equal to 1 on G and
satisfies /8\(0) = 0. Since ¢ is continuous on G’, the theorem follows. Moreover, by the
inversion theorem, the dual Haar measure on G has total mass 1.

Theorem 5.9.2. If G is compact, then G is discrete.

Indeed, let us take the Haar measure on G with total mass 1. Let now g(x) = 1 for all
x € G. One clearly has g(é) = 1. One also has (y, £)e(X) =2(&) forall £ € G, y €qG.
So, if 8(X) # 0, then (y,%) = 1 forall y € G, so £ = é. Hence (%) = 0 for all £ # é.
Hence G is discrete and, by the inversion theorem, its dual Haar measure is clearly seen to
be the counting measure on G.



Chapter 6
Classical Theory of Gelfand Pairs

Literature: [15], [18], [21], [51].

6.1 Gelfand pairs and spherical functions

(i) Definition of a Gelfand pair

Let G be a locally compact group with left Haar measure dx and let C.(G) be, as
usual, the convolution algebra of continuous, complex-valued functions on G with
compact support. Let K be a compact subgroup of G with normalized Haar mea-
sure dk (i.e. vol(K) = [, dk = 1) and denote by C*(G) the space of functions
in C.(G) which are bi-invariant with respect to K, i.e. functions f which satisfy

flkxk') = f(x)  (x € Gik.k' € K).

The space C(G) is a subalgebra of the convolution algebra C.(G). Given f €
C.(G), notice that the projection

f#(x):[K/Kf(kxk’)dkdk’ (6.1.1)
isin CH(G).

Definition 6.1.1. The pair (G, K) is said to be a Gelfand pair if the convolution
algebra C f (G) is commutative.

The first example of a Gelfand pair is that of an abelian locally compact group
G with K reduced to the unit element, K = {e}. We shall meet other examples in
the next chapter.

Proposition 6.1.2 (C. Berg). Let (G, K) be a Gelfand pair. Then G is unimodular.

Let A denote the Haar modulus of the group G. One has

/f(x)dx:/f(x_l)A(x_l)dx
G G
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for any function f € C.(G). So it is sufficient to show, applying the projection (6.1.1) to
f, that for any f € C/(G) one has

/G For)dx = /G Faydx,

because A is bi- K -invariant.
Let g be a function in C/(G) equal to 1 on the compact set Supp f U (Supp f)~!. We
get

[ F)dx = f xg(e) = g % f(e) = / FG)do,
G G

Proposition 6.1.3. Let G be a locally compact group and K a compact subgroup
of G. Assume there exists a continuous involutive automorphism 6 of G such that

6(x) e Kx 'K

forall x € G. Then (G, K) is a Gelfand pair.
For f € C.(G) set f?(x) = f(6(x)), x € G. The mapping f +> Js fP(x)dxis a
left-invariant positive measure on G, hence there exists a constant ¢ > 0 such that

/Gfe(x)dxzc/Gf(x)dx.

Since #% = 1, we get ¢2 = 1, so ¢ = 1. This implies (f * g)? = ¢ % g? for all
f.g € C:(G). On the other hand we have, for f € C.(G),

(fxg) =g*f

where f(x) = f(x7!) (x € G).
For f, bi-invariant with respect to K, one has by assumption f = f9 so, if f.g €
CHG),
(fxe) =(f*xg) =g+ f=8"*f"=(gx /)’

hence f xg=g=x* f.

(ii) Spherical functions

Let (G, K) be a Gelfand pair.

Definition 6.1.4. Let ¢ be a continuous, bi- K -invariant function on G. The func-
tion g is called a spherical function if the functional y defined by

1) = /G £ o) dx
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is a non-trivial character of the convolution algebra C*(G), i.e.
x(f xg)=x(f)-x(g)
forall f,g € C¥G).
If G = R and K = {0}, the spherical functions are the exponential functions
p(x)y=e* (A e).

The spherical functions play the role of the exponential functions for the Gelfand
pairs.

Proposition 6.1.5. Let ¢ be a continuous function on G, bi-invariant under K,
@ # 0. Then ¢ is a spherical function if and only if forall x,y € G

/K o(ky) dk = p(x) ().

where dk denotes the normalized Haar measure on K. In particular, p(e) = 1.
This relation replaces the functional relation of the exponentials.

We apply the projection mapping (6.1.1) again. Moreover observe that f > f is an
automorphism of C(G). Set

o(f) = /G e dx  (f € ColG)).

For any f, g € C.(G) we have
O(f* % g) — D) B(g") = / / (0(y) — e} £#(x) g*(v) dxdy
GJG

=/GfG{/K¢(xky)dk—<p(X)¢(y)} S(x)g(y)dxdy.

From this relation the proposition follows easily.

Proposition 6.1.6. Let ¢ be a bi- K -invariant, continuous function on G. The func-
tion @ is spherical if and only if
(a) ple) =1,
(b) for every f € CH(G) there is a complex number y(f) such that f x ¢ =
x(H)e.
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Let ¢ be a spherical function and f € C#(G). Then by the previous proposition

fx o) = /G FO0) @G x) dy

= [ o) { [ w0 tken aifay
= () /G SO ek dy.

because of the left K-invariance of f.
If, conversely, ¢ satisfies (a) and (b), then the mapping

e /G FO) e dy = 1(f)

clearly is a non-trivial character of C*(G).

(iii) Bounded, symmetric and positive-definite spherical functions

Denote by L!(G)* the space of integrable functions on G which are bi-invariant
under K. This is a convolution algebra too. Suppose now that (G, K) is a Gelfand
pair. Then LY(G)* is a commutative Banach algebra, even with an involution
given by

ff)=f@=rfa"1 (xeG:feL(G)
We are interested in the Gelfand theory of this algebra; cf. [29, §23].

Theorem 6.1.7. Let ¢ be a bounded spherical function. The mapping
fa(h) = [ et s

is a character of L' (G)¥, and each non-trivial character of LY (G)* is of this form.

If ¢ is a bounded spherical function, the result follows from the fact that C#(G) is dense
in L'(G)*. Let us prove the converse. Let y be a non-trivial character of L'(G)*. By [29,
§35A], any such y is continuous with norm equal to 1. Therefore there exists a function ¢
in L°°(G), bi-invariant under K, with ||¢|lcoc = 1 and such that

() = / S dx.
G
The relation y(f * g) = x(f) - x(g) gives

/ (f *9) () gV dx = 1(f) / () g ) dx.
G G
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This being true for all f, g € C/(G), we get

(f*o)(x) = x(f)-e(x) ae.

Hence, by Proposition 6.1.6, the function ¢ coincides a.e. with a spherical function.

We conclude that the spectrum of L!(G)* (the space of its maximal ideals) can
be identified with the bounded spherical functions. Actually, the supremum-norm
of a bounded spherical function equals one. Among these spherical functions there
are some that correspond to symmetric maximal ideals, namely all ¢ that satisfy the
relation ¢ = @. Since we shall discuss harmonic analysis on L!(G)*, the positive-
definite spherical functions take our attention. Let us recall that such functions are
automatically bounded and symmetric, see Lemma 5.1.8.

6.2 Positive-definite spherical functions and
unitary representations

The general theory of positive-definite functions and their relation to unitary rep-
resentations was discussed in Section 5.1. We will use the notations and results of
that section in relation with this theory.

Let 7 be a unitary representation of G. For every function f € L(G) the
operator 77 ( f) was defined in Section 5.1. In a completely similar way, we define
() for any bounded measure ;o on G. By abuse of notation we shall write

() = /G () dpa ().

Let v be a measure on K; v may also be considered as a measure on G with
compact support, hence as a bounded measure, hence 7 (v) is defined. In particular
m(h) is defined for every function 4 € L' (K, dk).

Let us denote the space of bounded measures on G by M '(G) (as before, see
Section 3.7). Clearly M !(G) is a Banach algebra under convolution. An involu-
tion is given by u* = 1, where 1 is defined by () = ,u(?) (f € Ce(G)). The
subspace of bi- K -invariant bounded measures will be denoted by M !(G)*; itis a
*-subalgebra under convolution and the above involution.

Let e denote the characteristic function of K. Consider again a unitary represen-
tation 7 of G on a complex Hilbert space #. The operator 7(e) = [, (k) dk,
defined on #, is an orthogonal projection, call its image #,; it is the space of
vectors in J fixed under the K-action. We have

n(p) m(e) = m(e) m(p) = m(p)
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for all bounded bi- K -invariant measures on G. Therefore
() He C He, m(1)H = {0}

for all & € M'(G)*. Here ¥, denotes the ortho-complement of H#, in #. So
by restricting the *-representation > () of the algebra M 1(G) to M 1(G)¥,
we actually get a *-representation of M '(G)* on the closed subspace #,.. We call
this representation 7.

A x-representation 7 of a x-algebra A on a Hilbert space J is a homomorphism 7 of A
into End(#¢) such that w(a*) = 7(a)* forall a € A.

Such a representation 7 is called non-degenerate if the closed subspace of K generated
by the vectors w(a) & (a € A;& € H) equals K. It is called irreducible if there are no
non-trivial closed invariant subspaces.

There is a one-to-one correspondence between unitary representations of G and non-
degenerate *-representations of M !(G). See [8, 13.3]. If x is an irreducible unitary
representation of G, then the associated *-representation of M !(G) is irreducible and
conversely. Indeed, apply that 7(6x) = m(x) for x € G, where §, is the point mass
concentrated at x.

Lemma 6.2.1. Let w be an irreducible unitary representation of G on a Hilbert
space H#. Then either #, = {0} (and hence w, = 0) or 7, is a (topologically)
irreducible x-representation of M (G)* on H,.

Assume that J, is non-trivial. The *-representation u + () of M(G) on ¥ is
irreducible, since 7 is. Let £ be a vector in #,, & # 0. Since £ is cyclic for 7, the vectors
w(u)é where u runs through M1 (G), span a dense subspace of #. Hence the vectors
w(e)m(n)é = m(e)m(pn)m(e)é = (e * u * e)& span a dense subspace of FH,.

To any continuous positive-definite function ¢ on G we have associated a uni-
tary representation 7 of G on some Hilbert space #, such that ¢(x) = (e, w(x) &)
(x € G), where ¢ is a cyclic vector for 7 in J (cf. Section 5.1). Let us assume
that ¢(e) = 1. The representation 7 is irreducible if and only if ¢ is elementary
(Theorem 5.3.2). Again #, can be defined.

Lemma 6.2.2. The cyclic vector € belongs to H, if and only if ¢ is bi-K -invariant.

Suppose ¢ € H,. Then clearly ¢ is bi-K-invariant. Assume now that ¢ is bi- K -invariant.
Then we have forall x € G and k € K

(e, m(x) ) = o(x) = p(k™'x) = (e, n(k " )m(x) &) = (w(k) &, (x) €).

Since ¢ is a cyclic vector, we get (k) e = e forall k € K, so ¢ € J,.
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Lemma 6.2.3. Let w be a unitary representation of G on H admitting a K -invari-
ant cyclic vector. If dim #H, = 1, then the representation w is irreducible.

Let T be a continuous linear operator on # commuting with all 7(x), x € G. In particular
we then have T w(k)e = m(k) T e forall k € K, hence n(e) T = T n(e). Therefore
T(H.) C H. and hence T ¢ = A ¢ for some complex number A. For arbitrary x € G we
obtain T w(x)e = w(x) T e = Amw(x)e. So T = A I where [ is the identity operator on
J, because ¢ is a cyclic vector. Consequently 7 is irreducible (Theorem 5.1.4).

The preceding lemmas were independent of the commutativity of the algebra
C f (G). From now on we renew for this section the basic assumption that C, c# (G)
is commutative.

Lemma 6.2.4. Let A be a commutative x-Banach algebra and w a non-trivial *-
representation of A on a Hilbert space K. If 7w is irreducible then the dimension
of K is equal to one.

The proof is similar to that of Theorem 5.1.4 and is left to the reader. In other words:
Schur’s lemma holds in the context of x-representations of x-Banach algebras.

Theorem 6.2.5. Let ¢ be a continuous, positive-definite function, that is bi-K -
invariant, and satisfies ¢(e) = 1. Then ¢ is a (positive-definite) spherical function
if and only if ¢ is elementary.

Let ¢ be elementary, whence the representation 7 on J associated with ¢ is irreducible.
Set p(x) = (&, w(x)¢e) (x € G), ¢ acyclic vector in . Since ¢ € H, by Lemma 6.2.2,
7. is an irreducible *-representation of M '(G)* on #,, by Lemma 6.2.1. By assumption
CH(G) is commutative and hence so is M (G)*, because C#(G) is dense in M1(G)*.
Therefore, by Lemma 6.2.3, dim #, = 1. Forall f € Cf (G) we now have

frp= /G FO) (e x) e) dy
— (re(f)en(@)e) = 1) e () e) = x(Fo(x)  (x € G,

where y(f) is a constant depending on f. From Proposition 6.1.6 it now follows that ¢ is
a spherical function.

Conversely, let ¢ be a spherical function. Then f x¢ = y(f) ¢ for f € C}(G), where
x(f) is a constant depending on f. If we write this down more explicitly, we obtain

(e(f)e.m(x)e) = fxo(x) = x(f)ex) = (x(flen(x)e)  (x €G).

Hence 7. (f) e = y(f) e, since ¢ is a cyclic vector. Now ¢ is also a cyclic vector for 7, in
He, so we have dim #, = 1. By Lemma 6.2.3 r is irreducible and hence ¢ is elementary.
This completes the proof.
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Corollary 6.2.6. Two positive-definite spherical functions are equal if and only if
the irreducible unitary representations associated with them are (unitarily) equi-
valent.

Let ¢1, ¢, be two positive-definite spherical functions. After obvious identifications we
may restrict ourselves to the following situation: there exists an irreducible unitary repre-
sentation 7 of G on some Hilbert space # admitting two cyclic vectors &1 and &, such
that ¢1(x) = (g1, m(x)e1), p2(x) = (g2, 7(x)&2), x € G. By Lemma 6.2.2 we have
g1 € He, &2 € He. Since dim H, = 1, we have &1 = A &, for some complex A with
[A] = 1. Hence ¢ (x) = ¢2(x) for all x € G and the corollary follows.

6.3 Representations of class one

In this section we present a criterion for the commutativity of the convolution alge-
bra C(G) in terms of certain properties of the irreducible unitary representations
of G. Also we determine the representations which are associated with positive-
definite spherical functions.

Proposition 6.3.1. The algebra Cf (G) is commutative if and only if for every ir-
reducible unitary representation w of G on a Hilbert space # the subspace #, of
K-fixed vectors is at most one-dimensional.

First assume that C(G) is commutative. Let 7 be an irreducible unitary representation of
G on J. Suppose H, # {0}. By Lemma 6.2.1, 7, is an irreducible *-representation of
M'(G)* on #,. Hence dim #, = 1 because M ' (G)¥ is also commutative.

The converse is due to the fact that C*(G) possesses sufficiently many one-dimensional
x-representations (assuming that dim #, < 1 for any irreducible unitary representation of
G on a Hilbert space J). Indeed, take a function f € C¥(G), f # 0. By well-known
results, due to Gelfand and Raikov (cf. [8, 13.5 and 13.8]), we can find a continuous ele-
mentary positive-definite function ¢ on G satisfying [; f(x) ¢(x) dx # 0. Denote the ir-
reducible unitary representation of G associated with ¢ by 7. Let p(x) = (g, m(x) &) (x €
G), ¢ a cyclic vector in J€. Then we have

/ f(x) p(x) dx =/ f(x) (e.m(x) e) dx = (m(f)e.7(e) &) # 0.
G G

Therefore (e)e # 0 and hence K, # {0}, so, by assumption, dim #, = 1. Thus n, is a
one-dimensional x-representation of C*(G) on J#, and 7. (f) # 0. We have shown that
CH(G) possesses sufficiently many one-dimensional *-representations. To complete the
proof, we observe that for any two functions fi, f» € C#(G) and any one-dimensional
x-representation p of C¥(G) we have p (f1* f2— f* f1) = 0. Hence by the considerations
made above f1 * f» = f> * f1. So we have shown that C(G) is commutative and the
proposition follows.
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Definition 6.3.2. An irreducible unitary representation 7w of G on a Hilbert space
H is said to be of class one if the subspace of K-fixed vectors H, is non-trivial.

Corollary 6.3.3. Let (G, K) be a Gelfand pair. The positive-definite spherical
functions on G correspond one-to-one to the equivalence classes of irreducible
unitary representations of G of class one.

This follows easily from Theorem 6.3.1 and Corollary 6.2.6.

6.4 Harmonic analysis on Gelfand pairs

In this section we assume that (G, K) is a Gelfand pair. We shall present a sketch
of the most essential part of the abstract harmonic analysis for (G, K). The well-
known tools of harmonic analysis on abelian groups will appear frequently (see
Chapter 5). In almost all cases we shall omit proofs.

(i) The dual space Z

Let J’g be the set of continuous, bi-K-invariant, positive-definite functions ¢ on
G with ¢(e) < 1. We may consider C‘Pg as a convex subset of L°(G). Clearly
J’g is weakly closed, i.e. o (L2, L1)-closed, so by Alaoglu’s theorem it is weakly
compact.

Proposition 6.4.1. T he extremal points of ?g consist of the set of positive-definite
spherical functions and the zero function.

Compare this proposition with Lemma 5.3.1. Denote by Z the set of positive-
definite spherical functions, provided with the topology o (L%°, L!).

Proposition 6.4.2. (a) The space Z is locally compact.

(b) The topology on Z coincides with the topology of uniform convergence on
compact subsets of G on Z.

The proof is similar to that of Theorem 5.4.1.
The space Z is called the dual space of the pair (G, K).
(ii) The Fourier transform on L1(G)*

Definition 6.4.3. The Fourier transform f of a function f € L1(G)* is the func-
tion defined on Z by

Flg) = /G FOeaNdx (g e 2).
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The following properties hold:
(a) f isacontinuous function on Z, vanishing at ‘infinity’; furthermore, we have

[f @] =/l forally € Z,
(b) the mapping f — f is a linear transformation,

©) (f *g)A= f-gforall f.g € LY(G)*,
@ (F) = f forall f e L'(G)*.
Furthermore, one has the usual property: any continuous function on Z that van-

ishes at infinity can be approximated uniformly on Z by functions of the form
f (f € CH(G)). We refer to Section 5.4 (ii).

(iii) The analog of Bochner’s theorem

Let €9(Z) be the space of continuous complex-valued functions on Z that van-
ish at infinity, provided with the supremum norm. Denote by M !(Z) the space
of bounded complex measures on Z and by V(G)* the space of all complex lin-
ear combinations of continuous positive-definite functions on G that are bi-K-
invariant.

Define the mapping T* : M(Z) — L*®(G) by

(T* ) (x) = /Z () du(g).

One casily checks that 7* is the adjoint of 7', defined by Tf = f (f € LY(G)¥).
Clearly image(T*) C V(G)*. Since image(T) is dense in €y(Z), T* is injective.
Observe that T*u € !Pg if u is a positive measure.

Set Mo(Z) = {u € M (Z) : s positive, ||| < 1}.

Theorem 6.4.4. T* maps Mo(Z) onto P.

Again Krein—Milman’s theorem is crucial in the proof of Theorem 6.4.4; com-
pare with Theorem 5.4.3. One can even show that T* is a homeomorphism from
Mo (Z) provided with the topology induced by o(M 1(Z), €y(Z)) onto C‘P(’f pro-
vided with the topology induced by o (L, L1).

(iv) Inversion theorem

Set VI(G)* = V(G)* n L1(G).
To any f € V1(G)* there corresponds, by Theorem 6.4.4, a unique measure
wr € M(Z) such that

£ = /Z o) dus(@)  (x€G).
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Theorem 6.4.5. There exists a unique positive measure v on Z such that djir (¢) =

f((p) duy(e) forall f € VI(G)*. More precisely: a unique positive measure v
on Z exists such that for all f € VI(G)* one has

@@ feLY(Z,v)
®) f(x) = [, 9(x) f(@)dv(p) (x €G).

The proof is similar to that of Theorem 5.5.1 and depends heavily on the com-
mutativity of the algebra L' (G)*.

(v) Plancherel’s theorem

Let v be the positive measure on Z obtained in (iv).

Theorem 6.4.6. For every f € C}(G) one has

@) f e L%(Z,v),

b) [ )P dx = [,1f(9)]>dv(p).
If one extends the mapping f +— ffrom CH(G) to L2(G)*, the closure of C¥(G)

in L*>(G)*, one obtains an isometric isomorphism from L*(G)* onto L*(Z, v).

For f € C}G),setg = f = . Then g € V'(G)* and hence ¢ € L'(Z, v). Moreover
£ = [ 2ot dve)

for all x € G, by (iv). Since 2(¢) = |f(¢)|? (¢ € Z) and g(e) = Jo | f(0)]? dx, we
obtain

/ )P dx = / 1F @) dve).
G VA

It follows that f + f can be extended isometrically to L2(G)* with values in L2(Z, v).
We will show that this mapping is surjective. The arguments have to be different from
those in 5.6. Let I be a continuous function on Z with compact support. Let £ > 0 be
given. Functions F’ and u exist (F’ € C.(Z), u € C*(G)) such that (@) # is strictly

positive on the support of F, () F = F' - 1.

By (ii) F’ can be approximated uniformly on Z by a function of the form h (h €
CH(G)), so we have

[F'(p) —h(p)| <
for all ¢ € Z. We obtain, using («) and (8),

|F(¢) — (u* h) ()| = |F(p) — il(@)h(p)| = [it(0) || F'(9) — h(p)| < e lii(p)]
for all ¢ € Z. Therefore

/ |F (@) = (u % h) (@) dv(p) < 8/ li(@)I? dv(@).
V4 V4
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Since e was arbitrary, we conclude that we have embedded T (L?(G)*) as a dense subspace
into L2(Z, v). The theorem now follows easily.

Remark 6.4.7. (1) If G is abelian and K = {e}, the set Z has a structure of an
abelian group, it is the dual group G. Furthermore, v is a Haar measure on G.

(2) We clearly have the inclusion
Supp(v) C Z.

In certain cases this inclusion is strict, as we shall see later on from the exam-
ples.

(3) The measure v is commonly called the Plancherel measure for the Gelfand
pair (G, K).

6.5 Compact Gelfand pairs

We recall some properties of representations of compact groups G.
(a) Any representation of G is equivalent to a unitary representation.
(b) Any irreducible unitary representation is finite-dimensional.

(c) Any unitary representation is the direct sum of irreducible unitary represen-
tations.

For the above, and more, we refer to [53].

Let G be a compact group and let K be a closed subgroup of G. We assume
that (G, K) is a Gelfand pair and we denote by dx and d k the normalized Haar
measures on G and K respectively.

Theorem 6.5.1. Every spherical function is positive-definite. Let (7, #) be the
unitary representation associated with a spherical function ¢. The space H is
finite-dimensional. Let x be the character of 7, i.e.

x(x) =trm(x) (trace of m(x)).
Then
o) = [ a6 dk
K

and

1
2d = —,
[ lewPax =

where d is the dimension of .
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(a) Let (7, #) be an irreducible unitary representation of G with a vector ¢, fixed under K
and with norm equal to 1. The function ¢ defined by

px) =(e.n(x)e)  (x €G)

is a positive-definite spherical function. Since G is compact, J is finite-dimensional. The
subspace #, of K-fixed vectors in J is one-dimensional and spanned by &, by Proposi-
tion 6.3.1. The projection on #, is given by (e¢) = [ (k) dk. Consider an orthonormal
basis of #, say €1, €2,...,&4, such that e = . We have w(e)e; = 0 fori > 2 and

tr(e)m(x)m(e) = o(x 1) = trw(x)m(e) = / x(xk)dk,
K

hence ¢ (x) = [ x(x7'k) dk.
(b) Let ¢ be a spherical function and set

Vo={f=unxp|lpneMyG)}

where M (G) denotes the space of measures of the form

N
/LzZai(?xi (x1,...,xny € G).

i=1
Let us first show that V, is finite-dimensional. For h € C*(G) set

Thf=f*h (feVy.

Then T}, leaves C(G) invariant and is a compact operator. If f is a function in V,,, then

Thf =p*x@*h
=wux* y(he = x(h) f

where

() = /G () h(x) dx.

So V,, is an eigenspace of T, with eigenvalue y(h). We can obviously choose / such that
x(h) # 0, hence V,, is finite-dimensional.

Consider V,, as a subspace of L?(G) and define the unitary representation 7 of G on
V, by

(@) ) = fO&Ty),
Let (e) be the orthogonal projection on the subspace (V). of the K-invariant functions
in V,. We have
m(e)(ux @) = x(u e

where

21 = /G oY) du(),
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hence dim(V,). = 1 and (V,,), is spanned by ¢. Moreover, (r, V,,) is irreducible by
Lemma 6.2.3, since ¢ is also a cyclic vector in V.
Observe that for each function f in V,, one has

fxo=x(p) f (1

Consider an orthonormal basis fi, ..., fz of V,, and set

d
H(x.y) =Y fi(x) i(»).

i=1

The function H is called the reproducing kernel of the space V,,: for all f € V,, one has

f = [ H) 10y @
Comparing the relations (1) and (2) yields

x(9) H(x,y) = o(y~"x).

Taking x = y and integrating over G, we obtain

x(@)d =ple) =1,

hence ;
YA i) =de(y'x),
i=1

S0 @ is positive-definite. Moreover

1
[ eP ar = xe) =

and 1
(@, m(x) @) = 3@(96).

This completes the proof of the theorem.

Observe that a fine example of a compact Gelfand pair is givenby G = G’ x G’
where G’ is a compact group and K = diagG = {(x,x) : x € G’}. One shows
that this example yields the ‘classical’ analysis on compact groups (Peter—Weyl
theorem, etc.). For more examples we refer to the next chapter.



Chapter 7
Examples of Gelfand Pairs

Literature: [15], [21].

7.1 Euclidean motion groups

(i) Introduction
Consider on R” the usual scalar product

(x,y) =x1y1+ -+ Xpyn,

where x = (x1,...,%X4), ¥y = (¥1,--.,yn). The group of Euclidean motions of
R”™ is the semi-direct product

G=KxR"

with K = SO(n,R"). Elements of G are written as pairs g = (k,a) with k €
K,a € R". Such a pair has to be viewed as the product of the rotation k and the
translation over a, considered as operating on R”:

g-x=k-x+a (x e R™).
Hence the product in G is given by

(k,a) (k',a"y = (kk' k' -a + d').
Clearly (k,a) = (k,0) (1, a). Define the mapping 8 by 6 (k,a) = (k, —a). Then
0 is a continuous involutive automorphism of G and

O(k,a) = 0((k,0) (1,a)) = (k,0) (1, —a) = (k,0) (k,a)~" (k,0).

So A(g) € Kg~'K for all g € G, hence (G, K) is a Gelfand pair, by Proposi-
tion 6.1.3.

This fact can also be seen in another way. Functions on G that are bi-invariant
under K can (by restriction) be identified with functions f on R” satisfying

flk-x)=f(x) (xeR" keKk),

so with so-called radial functions, and the convolution product of two such func-
tions corresponds with the ordinary convolution product on R”. Hence C#(G) is
a commutative convolution algebra.
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(ii) Spherical functions

Denote by A the Laplacian on R”, i.e.

92 92
A= 4oy 2
ox? o dx2

This differential operator is invariant under the group G, which means that for any
g € G and any function f of class C? on R” one has

A(Lg f) = Lg(Af),

where
(Lg f)(x) = f(g™" - x).

If f1 and f> are two functions of class CZ on R”, f; with compact support, then
A(fi* f2) =Afix 2= fixAfa.

Theorem 7.1.1. Let ¢ be a bi-K -invariant function on G, considered as a radial
Sfunction on R™. This function is a spherical function if and only if

1) @is C,
(2) there exists a complex number A such that Ap = Ao,
(3) ¢(0) =1

(a) Suppose first that ¢ is a spherical function. For all continuous radial functions f with
compact support we have

fro=x(e
where

(1) = [ vt s,

If we take f of class C*° such that y( f) # 0, we see from this relation that ¢ is C*° and
moreover

Af xo=x(Af)e = x(f) Ap,

hence
Ap = Ao
with
P ACY)
x(f)

(b) Let now ¢ be a C*° function on R”, radial and solution of the equation

Ap = Ao
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for some A € C. Considered as a function of r = ||x|| = /x? + -+ + x2, ¢ is a regular

solution of the differential equation

d?¢ n—1dy _

—_— =2
dr? rodr ¢
and therefore (see [14]) it is proportional to the function J (r) defined by
00 k
n A r\2k
J =I(= — (= 7.1.1
2(r) (2)]§)k!r(k+g) (2) (7.1.1)

2—n
2

- r(f) (ﬁr) Liza (VAr),

2 2

where I, is the modified Bessel function of index v.

Observe that different A give different solutions. Assume now, in addition, that we have
©(0) = 1. Let f be a radial function on R”, continuous and with compact support. The
function ¥ = f * ¢ is then radial, C *® and again solution of

Ay = Ay,

hence ¥ = C ¢ for some constant C, depending on f, given by

C=uh= [ o fedx.

hence
o= x(f)e

S0 ¢ is a spherical function, by Proposition 6.1.6.

Let now s be a complex number and £ € R” a vector of length equal to 1. The
function f defined by
f(x) = eS(E:x)

is an eigenfunction of the Laplacian:
Af =52
Consider the integral

s (x) = / "X do (£) (7.1.2)
Sn—l

where S”~! is the unit sphere in R” and o the normalized surface measure on
S™=1 The function ¢; is radial, C* and satisfies

Aps = Szﬁﬁs’ @s(0) =1,

so that @y is a spherical function. Conversely, if ¢ is a spherical function then there
exists s € C such that ¢ = ¢s. Clearly o5 = ¢_s.
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The preceding integral can be made explicit using spherical coordinates:

05 (r) = o(r,s5) = LG [T srens 2 g (7.1.3)
S - ’ - . 1.
Jar( Jo
Forn = 3 we get
sinh(sr)
(p(r’ S) =
ST

while for general n, using the power series expansion of the exponential function,
we obtain

00 k
o9 =1(3) . g ()

= F(%) (%)T I%(sr).

Compare this expression with (7.1.1).

(iii) Bounded spherical functions

Proposition 7.1.2. The spherical function ¢y is bounded if and only if Re s = 0.

If Res = 0 then it follows from (7.1.2) that |¢s(x)| < 1 forall x € G. If Res > 0, we
shall show that
n—3
rG2zz e’

olr.s) ~ VT (sr)%

From (7.1.3) we get, by an elementary substitution,

(r — 00).

F(%) ! srt 2,153
‘Ps(”)=</’(r,s)=m 1e (I—=1%) 2 dt,
=) J-
and, setting t = 1 — %, we obtain
N sr 2r e n—3
o(r,s) = (2)_1 °_ f ey T (2— 3) > du.
VAT (5 "5 Jo r

For Re s > 0 we get, using Lebesgue’s dominated convergence theorem,

2r n—3 n—1 n=3
. _ n—3 u 2 F(_) 2 2
lim e "y 2 (2— —) du = —2;1—1 )
r—>oo [o r ==

N
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(iv) Positive-definite spherical functions

Proposition 7.1.3. The spherical function ¢y is positive-definite if and only if one
has Res = 0.

If @5 is positive-definite then it is bounded and hence Re s = 0 by Proposition 7.1.2.
Conversely, we have to show that ¢;,, (v € R) is positive-definite. Let us use the integral
representation (7.1.2) of ¢;,,. Then we get

N N ) 2
D iv (4 — )¢ Tk = / Y@ doe) 2 0.
jk=1 st

Notice that for Euclidean motion groups the set of bounded spherical functions
coincides with the set of positive-definite spherical functions.

(v) Plancherel measure

Let f be a radial function in L!(R"). Then the Euclidean Fourier transform % f
of f is again radial, so & f is a function of the radius s. We shall write & f(s),

with abuse of notation. There is a nice relation with the spherical Fourier transform
f of f defined by

f(s) = / F(x) @amis(—x) dx.
R7
Indeed,

To= [ s [ e Do s
=7 16,

where s € R, s > 0. This implies that for sufficiently regular radial functions f
on R” (e.g. f = u x v withu, v € C.(R") and both radial)

272
I'(3)

Hence the Plancherel measure for the Euclidean motion group, with respect to
SO(n, R), is equal to

£(0) = /R F f(x)dx = /0 F(s)s"V ds.

272
I'(%)
where we have identified the dual space Z with [0, co) via the correspondence

s <> @aris. This identification is easily seen to be a homeomorphism. The proof
is left to the reader.

s" s,

dv(s) =
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(vi) Representations of class one

Letfory € R", yy(x) = e 27i(%.Y) (x € R") be a character of R”. One easily
sees that yy(k - x) = yg-1,(x) forx € R", k € K. So K acts on the characters
of R". Let us denote for y € R", K, the stabilizer of y,, which coincides with
the stabilizer of y; it is a closed subgroup of K. Let dk denote the normalized
K-invariant measure on K/K,,.

We now define a unitary representation of G by inducing the representation
1 ® xy from Ky x R" to G.

The Hilbert space V), consists of the measurable functions f on G satisfying

(@ f(ga) = xy(—a)f(g) (g€ G;aeR"),
() f(gk) = f(g) .(g € G;k € Ky),
© Jx/k, | f(k)|2dk < oc.

The Hilbert norm is given by || f|| = (fK/Ky |f(k)|2dk)1/2. The representation
my is defined by

(my(@) )(E) = f(g7'g) (.4 €G).

One easily verifies that ), is a unitary representation of G on V), called the repre-
sentation induced by 1 ® x,.
There exists (up to scalars) only one function fixed by K in V),, namely

fo(ka) = xy(—a) (k € K,a e R").

Observe that || fo|| = 1. So dim(V}), = 1.

The function fy is also cyclic in V). Indeed, assume that (7y(g) fo, /) = 0 for
all g € G, where f € Vy. Then clearly, taking g = a € R",

/ e—zm'(a,k-y)f(k) dk =0 foralla € R",
K/Ky

hence

/ ik - y) F®) dF =0
K/K,

for all h € LY(R"), hence f = 0 (the functions h are dense in Co(R") with
respect to the supremum norm).

Theorem 7.1.4. (a) The unitary representations my (y € R"), induced by 1 ® x,
from K, x R" to G, are irreducible.

(b) Two representations wy and wy are equivalent if and only i = .
y y y y

(¢) The representations 1y exhaust the set of irreducible unitary representations
of class one (up to equivalence).
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Statement (a) follows from Lemma 6.2.3, (b) follows from Corollary 6.2.6, since for all
a eR”

(fo, my(a) fo) = »/I;/K fo(a_lk)dlé :/ e2milaky) g1

K/Ky
= e ldo@ = paniyy @)

Statement (c) is now an immediate consequence of this computation, Proposition 7.1.3 and
Corollary 6.3.3.

7.2 The sphere

For m > 2,let G = SO(m), the real special orthogonal group of the quadratic
form

(x,y) =x1y1+ "+ XmYm,

where x = (x1,...,xXm), ¥y = (V1,...,¥m) € R™. This group acts transitively
on the sphere S m=1 in R™, and the stabilizer of the point e; = (1,0,...,0) is
isomorphic to SO(m — 1). We shall show that (G, K) is a Gelfand pair.

Let x = (x1,...,Xm) = g - e1 be an element of S™~!. Clearly, we can find
k € K such thatk - x = (x1,0,...,0,y) with y? = x3 + --- + x2,. Let A4 be the
subgroup of G consisting of the matrices of the form

cos O 0 sin 6
0 Ln_s 0 , 0<06 <2m.
—sin6 0 cos 0

Here I,,,—, is the (m — 2) x (m — 2) identity matrix and the zeros denote the
appropriate row and column vectors respectively. Then there is a € A such that
a-(x1,0,...,0,y) = ej. Therefore g- ey =k 1-(a ' -e1),org =k la"ll
for some / € K. In other words, G = KAK.

Now define the involution o by

o(g)=JgJ (g €G)

where J is the matrix J = diag(—1,1,...,1). Clearly, o leaves G invariant, and
also K, whereas 0(a) = a~! fora € A. Therefore 0(g) € Kg~'K forallg € G
and we conclude from Proposition 6.1.3 that (G, K) is a Gelfand pair.

To determine the spherical functions of the pair (G, K) we shall now develop, in
a separate section, the theory of spherical harmonics. This will also give the com-
plete set of class one representations and their dimensions, hence the Plancherel
measure. Observe that each spherical function is positive-definite, since G is com-
pact (Theorem 6.5.1).
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7.3 Spherical harmonics

A suitable reference for this section is [44].

(i) Notations and main theorem

Let S = S™~! be, as before, the unit sphere in R™, m > 2. For n > 0, consider
the linear space I1, of polynomials P(x) = P(xy,...,Xmn), homogeneous of
degree n, with complex coefficients. So

P(Ax) = A" P(x) (x e R™, A €R). (7.3.1)
Writing for any multi-index « = (a1, ...,0n) € Zﬂ
x% =xj' - xgm

and |@| = a1 + - -+ + o, one thus has

P(x) = Z Co X%

loe|=n

for suitable ¢q € C.
Let H, = {P € I1, : AP = 0}, the subspace of harmonic polynomials, and
set
Hy ={Pl|s: P € Hy}, (7.3.2)

the space of restrictions to S of polynomials in H,,, the space of spherical har-
monics of degree n.

Observe that Hy = I1g, H; = I1,. We shall regard the spaces #¢, as linear
subspaces of L2(S), the Hilbert space of L2-functions on S with respect to the
normalized G-invariant measure ds on S and scalar product

(flg) = /S F6) GV ds  (fig € LA(S)).

Clearly, G acts on L?(S) and also on each #,, because A is a G-invariant differ-
ential operator, as follows from the equality

U(g) f(s) = f(g™"-9).

The mapping U is a (continuous) unitary representation of G on L?(S). Call U,
the restriction of U to H#y, so U, (g) = U(g)|%, (g € G).
For later reference we mention the following proposition.
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ops . . . m+n—1
Proposition 7.3.1. The dimension of 11, is equal to (""" ").
To see this, observe that I, is spanned by the monomials x* = x{'x5?---xp" with
a = (¥1,...,0m) € Z7, @] = a1 + -+ + o, = n. Regard these monomials as
coefficients in
[T a-wn'= [] 3k
1<j<m 1<j<mk>0

Then dim IT,, is the coefficient of ¢” in (1 —¢)™™. So

) 1 d" _ (n+m-—1)! m+n—1

dimIl, = — 1—t)Mjmg= ————— = .
2 n n! dt" ( ) o n!(m—1)! ( n )

We now come to the main theorem of this section.

Theorem 7.3.2. Let m > 3.

(1) One has L*(S) = @Py—q Hn.

(2) All spaces ¥y, are irreducible under Uy,.

(3) The irreducible representations Uy, on #, are pairwise inequivalent.

(4) If m = 3, any irreducible representation of SO(3) is equivalent to one of the
representations U,,.

The proof of this theorem will be given in the following subsections.

(ii) We first show

Lemma 7.3.3. For any pair (n,k) with n # k, #, and H; are orthogonal sub-
spaces of L*(S).

We shall use spherical coordinates in R™. Let x € R™, x # 0, and write x = (r, s) with
r=|x|,s =x/r €S. One has

/nxngf(x)dx - om /Olrm_ldr /Sf(r,s)ds

with w,, = mvol{x : |x|| < 1}.
Now apply Green’s formula

av ou
UAV — VAU dx=a)m/ U— —v—)ds
/lellsl( ) S( ar 3r>

andtakeu = P € H,,v = Q € Hy. For P € H, we of course have

P(x) = P(rs) =r"P(s),
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hence %—I: = nr"~! P(s). Similarly for Q. So we get from Green’s formula

/(kPQ —nQP)ds =0 or (k—n)/ PQds =0.

s N

Hence J, L H if n # k. Notice that with Q also O, the complex conjugate of Q,
belongs to .

(iii) The next step is

Lemma 7.3.4. Y 02 | K, is a dense subspace of L*(S).

Let & denote the set of restrictions to S of arbitrary polynomials, so # >~ I1 =
ano IT,,. We shall show

Proposition 7.3.5. One has P = Y 2 o Hn.

Lemma 7.3.4 then follows, since & is dense in C(S) (in the topology of uniform
convergence) by Stone—Weierstrass’ theorem, and since C(S) is dense in L?(S).
To show Proposition 7.3.5 we introduce some notions which are useful in their

own right.
For P € Il we denote by P (0) the differential operator
d ad
PO)=Pl—,...,— ).
@) (8x1 0Xm )

So, if P isin I, i.e.

then P(3) = 3|41 e (35)% where ()% = (221 ... (z1)om.
We introduce a Hermitean form on IT by
(P,Q) = P30 (0).
Clearly, (P, Q) = 0 for P € Iy, Q € I1; with ] # k. Furthermore
ooty - [o0 Ha =P
0 ifa#p.
Here a! = a1!--- oy, ).
So,if P, Q € Iy, P(x) = Z|a|=k agx®, Q(x) = Z|ﬂ|=k bﬁxﬁ, then
(P.Q)= ) aubaal.
la|=k

Hence (P, Q) defines a scalar product on IT.
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Lemma 7.3.6. For each n > 2 one has I1,, = H, ® ||x||2 I1,,_».

Let A be the usual Laplacian, A = Zl'-”zl 8‘1—22 Then A maps IT,, into IT,,_, for all n. One
has g
(Ix|*P. Q) = P(3)AQ(0) = (P.AQ)

for P, Q € I1. So A is the adjoint of multiplication by ||x||2. This holds in particular for
P ell,—», 0 €Il,.

The mapping P + ||x|* P from I1,_, into II, is injective, thus A : T, — I, is
surjective. Now consider the mapping

P |x|*AP

on I1,. This operator is self-adjoint with kernel H, and image ||x|>I1,,—,, which are
mutually orthogonal. So the lemma is proved.

Corollary 7.3.7. For every n > 0 one has

M= @ IxI** Huax.

o<k<[4n]

The proof is by induction on 7.

The proof of Proposition 7.3.5 is now clear, since ||x||> = 1 on S.

Corollary 7.3.8. We have

) _(n+m—=3)(m+2n-2)
dim Jn = (m—2)!'n!

Observe that dim J¢,, = dim I1,, — dim IT,,_,.

Remark 7.3.9. Let P € II;. Then P(d) : T1; — II,_j is surjective and I1,, =
ker P(d) & P(x) I1,,_j (orthogonal direct sum). The proof is similar to the proof
of Lemma 7.3.6.

(iv) Irreducibility of the representations U,

We will now show that the spaces #, are irreducible under U,,. To do this, we use
the fact that any J#,, contains a special simple function, a so-called zonal function,
which spans the space of K-fixed vectors in #, and is cyclic in #,. The result
then follows from Lemma 6.2.3.

For ¢t € S consider the linear form

f= 1@
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on #,. There is a unique function Z; € #, with the property

(f1Z) = f@)  (f € Hn). (7.3.3)
We introduce the notation

Z(s,t) = Z(s) (s,t €09).

The function of two variables Z is called the reproducing kernel of #,, since any
function f € J, is reproduced by means of (7.3.3).
It is easily checked that Z is G-invariant

Z(g-s,g-t)=Z(s,t)

forall g € G and s,¢t € S. In particular, if we consider Z(s,e1) = Z,(s), this
function is in #, and is K-fixed. Therefore Z, only depends on s;: there is a
function f, : [-1, 1] - R with

Zn(X1,... Xm) = fu(x1)

forall x = (x1,...,xm) € S. So Z, is constant on the spheres x% +- --—I—x,%1 =c
(c a constant), and is therefore called a zonal function.

Lemma 7.3.10. The function f, is a polynomial of degree at most n.
The function Z, is the restriction to S of a polynomial, homogeneous of degree n. For
—1 <t <1wehave f,(t) = Z,(¢,0,...,0,~/1—12),s0
" —k
L@ = (=132 1*
k=0

where ¢, € C. Since we also have f,,(t) = Z,(¢,0,...,0,—+/1 —12) (notice that n > 2),
we get ¢ = 0 for n — k odd. This completes the proof of the lemma.

We shall now use spherical coordinates on S in more detail:

X1 = cos 6y,
Xo = sin 0 cos 6,

x3 = sin 0 sin 6, cos 03,

Xm—1 = 8in6y ---sin0,,_> cos Oy, 1,

Xm = sinfq ---sin O, sin 6,1

where 0 < 6,1 < 27,0 <0 <mfork <m—1.



7.3 Spherical harmonics 101

Writing, for x € R™, x = rs wherer = ||x|, s = x/r € S, one has
dx = "™ Ydr du(s)
with dju(s) = sin™ 2 60y sin”™ 365 ---sinOp_n d01d6s - dOp_.
The surface measure on S is G-invariant and the surface of S is equal to
272
r'(3)

om = [ du) =
S
For any F € C.(R™) one has

[ rewa=[ | [ o5 du)mtar

and if ¢ is a continuous function on S only depending on s; and hence a zonal
function, then ¢(s) = f(s1) and

[ @(s) di(s) = cm / " f(cos @) sin™ 26 do,
S 0

where ¢, is a positive constant not depending on the choice of ¢. Taking ¢ = 1
one can easily compute the positive constant ¢,. Observe that du(s) = wy, ds.
Change of coordinates ¢ = cos 6 gives

k14 1
/ f(cos @) sin™ 2 0dh = / f() 1 — tz)mT_3 dt.
0 -1
So we have

Proposition 7.3.11. Let ¢ be a continuous zonal function on S, ¢(s) = f(s1).
Then there is a positive constant c, not depending on the particular choice of ¢,
such that

1 m—3
/ o(s)ds = ¢ / O (-1 " ar,
S -1

Proposition 7.3.12. The polynomials f,, n > 0, satisfy the condition

1 —_— m—3
/_1 HOTOA-2) " di =0
ifn # k.

From the orthogonality J¢, L #} follows
/ Zn(8) Zi(s)ds =0 (n # k).
s

But the function s — Z,(s)Z(s) is a zonal function corresponding to f,(¢) fx(¢). The
proposition now follows from Proposition 7.3.11.
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Corollary 7.3.13. The degree of the polynomial f, is precisely n.

Use the Gram—Schmidt procedure for orthogonalization.

Observe that f; is even if n is even, odd if n is odd.

Corollary 7.3.14. The polynomials f, n > 0, form a complete orthogonal system
in L2([—1,1], (1 — t2)"> d1).
Proposition 7.3.15. For any n > 0 one has f, (1) = dim #,.

Observe that f,(1) = Z,(e1) = Z(ey,ey). But the reproducing kernel Z,, of J, is G-
invariant, so Z(ej,e1) = Z(g-e1,g-e1) forall g € G, so Z(ey,e1) = Z(s,s) for all
s € S. Integrating over S we obtain

Z(el,el)zst(s,s)ds.

Now select an orthonormal basis ¢1, ..., ¢4, in H, where d, = dim #,. Then clearly

dn
Z(s,0) = ) ¢i()ei (0).

i=1

Hence

dn
/SZ(S,S) ds = ;/S lgi () ds = dp.

Remark 7.3.16. For m = 3 the polynomials f,/f,(1) are precisely the Legendre
polynomials.

For m > 3 the polynomials f,/f,(1) are called Gegenbauer polynomials or
ultra-spherical polynomials. See, e.g., [56].

Proposition 7.3.17. Let ¢ € H, be a zonal function. Then ¢ is a scalar multiple
of Zy.

Since ¢ € H, is zonal, we have ¢(s) = f(sy). This function f satisfies, using Proposi-
tion 7.3.12,

1 —_— m—3
/_ SORD =) di =0

for all k # n, because #, L Hj. Since the f; form a complete orthogonal system, f
must be a multiple of f;, so ¢ = ¢Z, for some complex scalar c.

Proposition 7.3.18. The zonal function Z, is a cyclic vector in Hy,.
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Let ¢ € J, be such that
[ zas™ 9 9Gras =0
s

forall g € G. We have to show that ¢ = 0. Now, since Z,, (g7 '-s) = Z(s, g-e1) = Z(s,1)
witht = g - e, we get

szszm,z)mds =0

for all t € S, because Z is the reproducing kernel of J,,.

Corollary 7.3.19. The spaces ¥, are irreducible under U,,.

This clearly follows, as said before, from Propositions 7.3.17 and 7.3.18 and Lemma 6.2.3.

(v) Equivalence and more

Proposition 7.3.20. The irreducible unitary representations U, on ¥, are pair-
wise inequivalent.

This is most easily seen by comparing the dimensions of the spaces #. Let dy = dim #y.
Then a simple computation shows that di4; > dj for all k > 0.

For m = 3 we get dp = 2k + 1. So the statement about SO(3) in Theo-
rem 7.3.2 follows from the well-known representation theory of SO(3), or rather
of SU(2), since SO(3) >~ SU(2)/ £+ I. We indeed get odd dimensions only. See,
e.g., [24], [45]. The irreducible unitary representations of SU(2) are given by the
natural action of SU(2) on the space V}, of homogeneous polynomials in two com-
plex variables z; and z5 of degree n (n = 1,2,...), so polynomials of the form
S ok Z’f z’z’_k. It is clear that only for even n the element —1I acts trivially.
Therefore dim V,, = n + 1 is odd.

This completes the proof of Theorem 7.3.2.
Theorem 7.3.21. For any n > 2 one has
Hn = spanf{(o1s1 + -+ + tmSm)" Ol% + -+ Ol,i = 0}
where (s1,...,5m) € S and (a1, ...,0y) € C™,

For m = 2 the statement is clear, since dim J,, = 2 forn # 0. For m > 2 it is sufficient to
observe that the right-hand side is a G-invariant subspace of #,, so equal to J¢, because
U, is irreducible.

In the case of SO(2) we have dim #, = 2 for n # 0, and these spaces are
spanned by (s1 + is2)" and (s1 — is2)". Setting yn( <39 5n0) = e"¥ we get

—sin@ cos @

Uy = fn ® x—n for n # 0. The space H is one-dimensional and Uy = yo.
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(vi) Radial parts

(1) Define the function g : R™\{0} — S™~1 by
q(x1,...,xm) = (ﬂ,,x—m)
r r
where r = || x||.
The mapping ¢ is a C° mapping onto S !, that is submersive. Let A be the
Laplacian on R™ and let  be the Laplacian on S”*~!. Then for any C * function

F on S™! one has

A(F og) = (QF)oq. (7.3.4)
(2)Let Q : S~ ! — [—1, 1] be defined by
O(s1,...,8m) = s1.

Then Q is a submersive C* mapping from {s € ™1 : 51 # £1} onto (-1, 1).
Let f be a C* function on (—1, 1) and let L be the radial part of 2. Then

(Lf)o Q =R(f0°0Q). (7.3.5)
(3) Computation of 2 on Hy,

Clearly, for m > 3, Q acts on J, as a scalar since it commutes with the action
of G (apply Schur’s lemma): QF = AF, where F is the restriction to S™~!
of a harmonic polynomial P, homogeneous of degree n. So AP = 0. We shall
compute Q F, or more precisely the eigenvalue A, while our result below also holds
form = 2.
We have
X1 Xm )

Foq(xl,...,xm):P(—,...,—
r r

=r "P(x1,...,Xm) (r #0).
A simple computation gives

ACT"P(x) =n(n+ D)r " 2P(x)—n(m—1)r"""2 P(x)

aP ad
_ n—2 _ o —n
2nr <x1 ot + -t Xy me) +r "AP(x).
Now ap ap
X1— + -+ xm— =nP(x),
ax1 0Xm

because P is homogeneous of degree n (Euler’s equation). So finally we get
AGFT"P(x)) = —n(n +m —2)r "2 P(x).

Thus
QF =—-nn+m—-2)F

on 4.
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(4) Computation of L on [—1, 1]

Let f be a C® function on [—1, 1]. We shall compute an expression for L f. We
have (Lf) o Q = Q(f o Q) and therefore

(Lf)oQog=A(foQoq)

where ¢ is defined in (1). Let us compute the right-hand side. Notice that Q o
g(xX1.....xm) = 3+ We get

LAEGL) i A1

r3
dx; f(r) r? xl a2y fi =1
r b
and
2,2 4o 3 ip .
52 (x1> xzr:l tzt{(_)_uﬁ(_) ifi #1,
_2 —_— = _
ol (R) Gy R Ay =,
So

2 2 52
y_rend Sy, oy adm
Af(r)_ r4 dzz(r> (m r4dt< )
Hence, taking r = 1,
df
(Lf)(t)—(l—tz)—— —l)zd—.
t
So the polynomial f;, defined in (iv) (cf. Lemma 7.3.10) satisfies the differential

equation
2

d d
(1—:2)d—t;‘— m—l)zd—’:+n(m+n—2)u=o.

It follows, see [56] for the notation, that this is the differential equation of the
Gegenbauer polynomials, hence

flfa) = CiT

7.4 Spherical functions on spheres

‘We continue what we did in Section 7.2. Let m > 3. Recall Z,,, the zonal function
in #,, and set ¢, = Z,,/Z,(e1). We know that Z, (e;) = d, = dim #,,. The
function @, can be considered as a bi- K -invariant function on G.

Theorem 7.4.1. The spherical functions of the Gelfand pair (G, K) are precisely
the functions ¢n, n € N.
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Let us first show that ¢, is a spherical function. Let f be a bi-K-invariant, continuous
function on G and set ¢ = f * ¢,. This function is bi- K-invariant again and, considered
as a function on S, an element of #,, and moreover a zonal function, so i is a multiple
of ¢y, i.e.

Vo= f*¢n = fn(f)n
with

() = fG £(9) o(s™") ds.

Hence, by Proposition 6.1.6, ¢, is a spherical function. Since the functions ¢, constitute
a complete orthonormal system in the space of zonal functions in L2(S), the functions ¢,
are the only spherical functions.

Since the group G is compact, the functions ¢, are positive-definite. Moreover,
the representations U, of G on 4, exhaust the set of class one representations, up
to equivalence. We leave this fact as an exercise.

Consider the function f on R™ given by

f(x) = (x1 +ix2)",

which is a harmonic polynomial, homogeneous of degree n (by Theorem 7.3.21).
Restrict this function to S. Then f € J¢,. Consider now

W(s)=/;{f(k~s)dk (s €S).

This is a zonal function in 4, with ¥/ (e1) = 1, hence ¥ = ¢,. Applying spherical
coordinates, we have the following explicit integral formula:

(7L
V7T (752)

where we substitute s1 = cos@ ins = (51,...,5m).

m=2 T
on(s) = C, % (cosgp) = [ (cosg +i sing cos0)" sin™ 36 de,
0

7.5 Real hyperbolic spaces

In this section we follow mainly [15].

(i) Introduction

Forn € N, n > 2, let SO(1, n) be the special orthogonal group of the quadratic
form
[x,y] = x0y0 — X1y1 — - — XnYn,
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where x = (x0,X1....,%n), ¥ = (Y0, V1....,yn) are elements of R”*1, Let
J be the matrix diag(1,—1,...,—1). Then clearly SO(1,n) consists of the real
(n+ 1) x (n + 1) matrices g with detg = 1 and

JgJ = tg_l.

So we evidently have “g € SO(1, n) for all g € SO(1, n). It is an exercise to show
that the set of all g € SO(1, n) satisfying goo = [geo, €o] > 0 is a subgroup G of
SO(1,n), where eg = (1,0, ...,0) € R*+1,

Indeed, it is therefore sufficient to show that [x, y] > 0 for all x, y € R”*1 with
x9 >0, yo > 0and [x, x] = [y, y] = 1. The group G is clearly an open subgroup
of SO(1, n) of index 2.

Let X = {x € R**!: xy > 0, [x,x] = 1}. Itis called a one-sheeted hyper-
boloid. By a similar reasoning as above one shows that G acts on X. Let K =
SO(n) be the stabilizer of ep in G and define the subgroup 4 of G by

cosht 0 sinh ¢
A=< a; = 0 In—1 0 : telR
sinh ¢ 0 cosht

Letx = (x0,X1,...,%Xn) € X. Thereisak € K suchthatk-x = (x0,0,...,0,)

where «? = x7 + -+ 4 x2. Notice that xo > 0 and x2 — @ = 1. Then we can

find r € R with
as-ep = (x0,0,...,0,).

So x = k~!a; - eg and consequently
G = KAK

and G acts transitively on X. Moreover, G turns out to be connected. Since G is
also open in SO(1, n), it coincides with the connected component SOy (1, ) of the
identity of SO(1,n), thus G = SOy (1, n).

Let w be the matrix diag(1,—1,—1,...,—1) in K. Then wa,w™t = a_, forall
t € R. So we actually have

Proposition 7.5.1 (Cartan decomposition). The group G = SOq(1, n) can be writ-
ten as B
G=KATK

where AT ={a; € A:t > 0).

Consider now the Cartan involution 6 on G defined by

0(g)="¢g ' =JgJ] (g€0).
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Clearly, 6 leaves K fixed and #(a) = a~! for all a € A. Therefore, because
G = KAK, we have
0(g) € Kg'K

for all g € G. So we have by Proposition 6.1.3:

Proposition 7.5.2. The pair (SOg(1,n),SO(n)) is a Gelfand pair.

By Proposition 6.1.2 we may conclude that G is unimodular: its left Haar mea-
sure dg is also right-invariant. Moreover X ~ G/ K admits a G-invariant measure
dx. Clearly, one can normalize dg such that, fixing dx and taking the normalized

Haar measure on K,
| r@de= [ { [ renaraz

for all f € C.(G). Here d ¢ is the notation for the G-invariant measure on X 2~
G/K,sodg ~ dx. See Section 4.5.

To write down an explicit form for dx, we use “hyperbolic” coordinates (similar
to spherical coordinates). One gets

T

/f(g)dg:2 f,//Oo/sinh"—lzf(ka,k’)dkdzdk’ (7.5.1)
G rea;)Jeto Jk

for f € C.(G). Observe that the factor in front of the integral is the measure of
the sphere S™. So for f € C#(G) one has

/ Flg)dg = / A(t) f(ar) dt, (75.2)
G 0

n

where A(t) = 2137(—3) sinh” !¢,
2

(ii) Iwasawa decomposition

Let E be the cone

& :{E:(EOaglw--’En)ERn-i_lI[S,ég'] =0, & > 0}.

One clearly has B = KA - £ with £° = (1,0,...,0, 1). Moreover G acts on E.
It is therefore sufficient to show that

[g-£% e0] > 0
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for all g € G. We have

[g- % e0] = [E%. 87" - eo] = x0 + xn

ifg_1 ceg =x € X, x = (x0,X1,...,Xn). Sincex% =1 +x% + .- —i—x,zl, we
obtain xg > x,%, and thus xg + x, > 0 because xo > 0. So G acts transitively
on .

To determine the stabilizer of £° in G one has to perform an easy computation.
Define the following subgroups of G:

L+ 30z12 22 =3lz01?
N={n=n,= z In_1 —z czeRY
3zl 8 =5z
1 00
M ~SO(n—-1) = 0/ 0]:1€eSO(nr-1)
0 0 1

Observe that M is compact, N abelian (isomorphic to R”~!) and
mn;m™} = Nm(z) (me M, n; €N).

So MN is a subgroup of G and it is unimodular. Moreover Stab£%® = M N and
thus E admits a G-invariant measure. We have G = KMAN = KAN since M
and A commute. We also have

ANz A—p = Nty (ar € A, n; € N).
Theorem 7.5.3 (Iwasawa decomposition). The mapping (k,a,n) — kan from
K x A x N into G is a diffeomorphism.

Let g = ka;n,. Then we have
(@) [g-§% eq] = [a; - £°, eo] = ¢,

(d) [g - ei,eo] = [arn; - ei,eq) = lanza—; - ej,eq] = [ne; - ei.eq] = e'zj_, for
3<i<n+1.

So we may conclude that ¢, z and k depend in a C*° way on g. In addition we see that the
decomposition of g is unique. This proves the theorem.

According to Section 4.5 (special cases of (4.5.10)) we can normalize the in-
variant measure dg on G such that

Proposition 7.5.4. For all f € C.(G) we have

o0
/f(g)ng// flkamnz) e Vidkdid:z.
G K J—oo JR"1
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Letnow f € C.(E). Then we get by Proposition 7.5.4 that

. N o . &0 n—l@
e f /K/O FOk £ 7 58 dk

is a G-invariant measure on E. Here dk is as usual the normalized Haar measure
on K. Notice that the integral can actually be taken over K/M instead of K.
Setting B = K - €% ~ K /M we might also write for the invariant measure /i

— = n—lﬂ =
wh = [ [ st SFaow) (< c@,

with do(b) ~ dk (k € K/M). We also have B = {§ € B : & = 1}, so
B ~ §"1 the unit sphere in R”, and do can be seen as the (normalized) surface
measure on S” 1.

(iii) Spherical functions

We define the Laplace—Beltrami (or Laplace) operator A on X in the same way as
the operator €2 in Section 7.3 (vi) (1).

Let g be the mapping ¢(x) = 7 defined on {x € R**1: [x,x] > 0, xo > 0},
where r = [x, x]/2. Then for any C ® function F on X one has

—O(Foq)=(AF)oq

2 2 e
where [0 = 32 92 ox2"

The differential operator A is G-invariant:
A(LgF) = Lg(AF)

where (Lg F)(x) = F(g7'-x) (g € G; x € X).
Let f1, f> be two C* functions on G, bi-K-invariant and f; with compact
support. These functions may also be viewed as functions on X and one has

A(fi* f2) = (Af1) * fa = f1 x (Af2).

This follows from the G-invariance of A and the commutativity of C*(G).
Similar to Section 7.3 (vi) (2) we define the radial part L of A. Solet 0 : X —
[1, 00) be defined by
0(x0,X1,...,Xn) = Xo.

Then for any C*° function f on [1, co) we have

(Lf)e Q@ =A(f0Q).
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In a similar way as in Section 7.3 (vi) (4) we can compute L and we obtain

Setting u = cosht (¢ > 0), we get

_ A d
T dt? T A®) dt

where, we recall, A(t) = 2 11’(—2) sinh” 1 7.
2

So if ¢ is a bi- K -invariant C *° function on G satisfying Ag = A¢, then
d*® N A1) dd
dt2  A@t) dr

if ®(¢) = @(as),t = 0.

Theorem 7.5.5. Let ¢ be a bi-K -invariant function on G. We may also consider
¢ as a K-invariant function on X. In order that ¢ is a spherical function it is
necessary and sufficient that ¢ satisfies

(1) gis C®,
(2) there is a complex number A such that Ap = A,
(3) ¢(eo) = 1.

The proof is similar to that of Theorem 7.1.1 for Euclidean motion groups and
makes use of the fact that the space of solutions of the differential equation

d*® N A) do _
dt2  A@t) dr

that are regular at ¢ = 0 is one-dimensional.

To find an integral form for the spherical functions, we combine the methods
from Section 7.1 (ii) and Section 7.4.

Let f(x) = [x,£°° 7P = (xo + x,,)* " be defined on X, where s € C and
p = % Since [x,£% > O for all x € X, f is clearly well-defined and a C*®
function for all s € C. Moreover, an easy computation gives A f = (s2 — p?) f;
compare with Section 7.3 (vi) (3). Set

0s(x) = fK £k -x) dk

:/[x,k-s"]s_pdk (x € X).
K
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Then ¢; is K-invariant, C*°, ¢s(eg) = 1 and it satisfies again the differential
equation Agg = (52 — p?) @5, by K-invariance of A. So ¢y is a spherical function
and each spherical function is of this form. Notice that ¢5; = ¢_g.

One easily verifies that

ps(ay) = [ (cosht — sinht cos 8)* ™ sin” 260 d6

\/_ r (” 1)
fort > 0.

Compare this expression with the form of a spherical function on the sphere in
Section 7.4.

Notice that gy, as a function on G, can also be written as

0s(g) =/ eI gk (g€ G) (7.5.3)
K

if we write ¢ = k a;(g) n (Iwasawa decomposition) for any g € G.

(iv) Bounded spherical functions

Proposition 7.5.6. The spherical function ¢y is bounded if and only if
—p <Res < p.

(a) We first show that |ps(g)| < 1if —p < Res < p. From the integral representation
(7.5.3) for ¢4 follows

ls(2)] < ¢s(g) (g€G)

if o = Res. So it is sufficient to consider the case where s is real. From the same integral
representation it follows that the real-valued function s — ¢;(g) is convex forany g € G.
Since @,(g) = ¢—p(g) = 1, the result follows.

(b) If Re s > 0 we are going to show that

lar) ~c(s)e"™" (1 — o00)
with

2P=S T

c(s) = NN 1)] (1 —cos6)* sin" 2 6d6
s TTG)
V(s +p)
Indeed, we have fort > 0
_ I'%) 4 Y ne2
(cosh )™ p(a;) = (1 —tanht cos 6)*™" sin" ™= 0 d6,

VET (')
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and
*if0 < 6 <m/2and Res > p, then |(1 —tanht cos 0)*P| < 1,
*if 0 < Res < p, then |(1 —tanh? cos §)*~°| < (1 — cos §)Res—P,

Similar considerations hold for 7/2 < 6 < mw. So applying Lebesgue’s dominated
convergence theorem we get the result.

Remark 7.5.7. From (b) we obtain that ¢, is bounded if 0 < Res < p and un-
bounded if Res > p. Since ¢ = ¢_; we could also get the complete result of
Proposition 7.5.6 if we knew that ¢ is bounded for imaginary s. This important
fact follows from Theorem 7.5.9, where we show that ¢;, (v € R) is positive-
definite.

(v) Positive-definite spherical functions

(a) We begin with some preliminaries on positive-definite kernels. Let X be a set.
A kernel ® on X is a function on X x X. It is said be positive-definite if for every

N -tuple of elements xq,...,xy in X and complex numbers ¢4, ..., oy one has
N
Z D(x;, xj) oo > 0.
i,j=1

If X is a group and ¢ a function on X, then ¢ is positive-definite if and only if the
kernel ® defined by
O(x,y) = ¢(x"'y)
is positive-definite.
In case of a locally compact group this definition agrees with Definition 5.1.5 if
@ is continuous (see Remarks 5.1.7).

Let G be a locally compact group and K a compact subgroup, and set X =
G/K. A kernel ® on X is said to be invariant if

O(gx,gy) = P(x,y)

forallg e Gand x,y € X.

There is a bijective correspondence between the invariant kernels ® on X and
the bi- K -invariant functions ¢ on G. This correspondence is defined by the rela-
tion

O(gK.hK) =@(g"'h)  (g.h € G).
The kernel @ is continuous (C *° respectively) if and only if ¢ is. So the spherical

functions ¢g on G = SOy (1, n) correspond to kernels 4 on the hyperboloid of
one sheet X.
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(b) To determine the positive-definite spherical functions we apply the invariant
measure (L on & ~ G/M N, defined after Proposition 7.5.4:

_ o n—lﬂ
u(f) = /B /0 OB do),

where o is the normalized surface measure on the sphere B = {§ € B : § = 1}.
Let #4(E) denote the space of continuous functions f on E, homogeneous of
degree o, i.e.

fQAE =A*f() (€E,1>0,aeC).
The group G acts on #y(E). Let £ be the linear form defined on #;—,(E) by

0of) = /B £(b) do (®).

Proposition 7.5.8. The linear form £ is G-invariant: if f € #H1-,(E), then

Ly f) = L))
forall g € G.
Let ¢ € C.(E) and set
_ *® n—1 Q
= [ e

Then f is continuous and homogeneous of degree 1 — n and the mapping ¢ + f com-
mutes with G. Moreover

Lf) = n(o).

Since any f € J1_,(E) can be obtained in this way, the proposition follows.

Theorem 7.5.9. The spherical function @ is positive-definite in the following two
cases:

(1) s=iv,v eR,
(2) sisreal, —p < s < p.
The proof of this theorem will be given in this and the next subsection.
(a) Suppose that ¢ is positive-definite. Since @y is bi- K-invariant we have
0s(871) = ws(g).
and since @y is positive-definite we also have
os(g7") = vs(g).

So gy is real-valued, and thus s> = Ags(0) + p? is real, so s is imaginary or real. Because
@s, being positive-definite, is also bounded, we get either s e R, —p < s < pors € iR.
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(b) We will now show that ¢;,, (v € R) is positive-definite. Let P be the function defined
on X x & by
P(x.§) = [x.§°7".

This function is called the Poisson kernel of X and is characterized by the properties

(1) Ps(gx, g§) = Py(x,§) forall g € G,

(2) Ps(x,AE) = A5 PP(x,§) forall A > 0,

(3) Ps(eg,b) = 1forallb € B.
Notice that [x,£] > O forall x € X, § € E. Consider the kernel H on X defined by

Hy(x.y) = [B Py(x.b) P_y(y.b) do(b).

By the invariance property (1) of the Poisson kernel, the homogeneity property (2) and
Proposition 7.5.8 we see that H is G-invariant. Moreover Hg(x, ep) = ¢5(x). So we get
Hy = &5

By (x.y) = /l; Py(x.b) P—y (y.b) do(b).

From this integral representation we easily deduce that the kernel ®;,, v real, is positive-
definite, because

N N 5
D P (xi,x)) i = /B ) Y i Piy(xi,b)| do(b) = 0.

ij=1 i=1

(vi) Positive-definite spherical functions (continued)

(c) Note that [€,&'] > 0 for £, € B. Set W(£,&) = [€,&']°7P. For Res > 0 we have

forallb € B
OIS
VaT (%54 Jo
— pstp-1 F(%) I'(s) '
Jx T +p)

The following relation permits to switch between P_s(x, §) and Pg(x, &) for Res # 0:

)/(S) = f Ws(b,b/) d()'(b/) = (1 — Cos 9)5—0 Sin”_2 0 do
B

Py(x.£) = —— / Poy(r. V) Woe. B do(W) (v € X. £ € E).
v(s) JB

The proof of this intertwining relation uses the properties (1), (2), (3) of Poisson kernels
and Proposition 7.5.8. We obtain for Res > 0

1 ! ! !
Bux,3) =~ /B L Py(x.b) P—s(y.b) Wy(b.b') do (b)do (b').

From this integral representation we are going to derive that ®; is positive-definite for
0<s <p.
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Lemma 7.5.10. Let 0 < s < p. Forall f € C(B) one has

/ / £ @) Wy(b.b') do(b) do(¥)) = 0.
B JB

The positive-definiteness of ®; follows immediately from this lemma, for

N B 1 L
> @) = /B /B FOYTE) Wb, b)) do(b) do(b')

ij=1
with
N
f) = Zai P_y(x, b).
i=1
Let us prove the lemma. It is based on the following property of positive-definite kernels:

if H is a positive-definite kernel and ||H ||oo < 1, then for 8 > 0, (1 — H)™# is also a
positive-definite kernel, since

(1_H)—/3:1+Zﬂ(ﬁ+l)"l‘cfﬂ+k_l) gk

k=1
and the product of two positive-definite kernels is again positive-definite (exercise!).
SetforO <o <1,
VVSa(b’ b’) =[1-— a(blb; et bnb;l)]s_p.

For s < p, W is a positive-definite kernel, hence for all f € C(B),

[ [ ro7@ wew.p)doe) dow) = o
B JB

If 0 < s < p we can take the limit for « tending to 1, and we obtain

/ / FBYTE) Wy(b.b') do (b) do (') = 0.
B JB

(vii) Representations of the spherical principal series

Until now we considered only representations on a Hilbert space, in particular uni-
tary representations. We shall now broaden our scope and consider also represen-
tations on a Banach space. The definition is the same as in Section 5.1. A Banach
space representation is a pair (7, #) of a Banach space # and a homomorphism
m : G — GL(#) such that the mapping (x,v) — m(x)v from G x H to H is
continuous.

The definitions of irreducibility and equivalence of representations are the same
as for Hilbert space representations. The definitions of #( f) for f € C.(G) and
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of m(h) for h € C(K) are a little more involved, but it turns out that the same
conclusions hold as in the case of a Hilbert space representation. So, in particular,
w(f) € End(#) and 7w (h) € End(#), where End(#) is the space of continuous
endomorphisms of # .

A next step would be to consider representations on Fréchet spaces or even on complete

locally convex spaces. We postpone this to Chapter 8.

Spherical principal series representations are those representations that are ob-
tained by induction from one-dimensional representations of the group M AN .
Let s be a complex number and let H#; be the space of continuous functions f
on G satisfying
f(xman) = 7P f(x)
withx e Gime M,ne N,a; € A,p = % Let 75 be the representation of G
on J defined by
75(8) f(x) = f(g™"x).

We clearly may identify #; with the space #5—,(E) from (v) since E ~ G/M N,
and also with the space C(B), by restricting the functions in #;_,(E) to B. Pro-
vided with the supremum norm (uniform topology), C(B) is a Banach space and
1y a Banach space representation.

Let £ be the G-invariant linear form on #_, defined in (v). Denote by () the
bilinear form defined on #; x H_g by

(f.8) = [B f(b) g(b)do(b).
This form is continuous, non-degenerate and G -invariant:

(ms(0) fim—s(x)g) = (f.8)  (x €G),

as follows from the invariance of £.
Let ug be the function on G defined by

us(kan) =e¥P*  (keK,teR,neN).

The function u belongs to #s and is K-invariant. Moreover, as is easily seen
from (7.5.3),

¢s(g) = (us, 1—s(QHu—s) (g €G).
If s is imaginary, say s = iv, then #¢;,, can be provided with a pre-Hilbert space
structure with squared norm

|MW=LM@PM@,
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and m;,, (x) is then unitary for all x € G. Completing the space #;,, and extending
7iy(x) to this completion gives a unitary representation on a Hilbert space, which
we again denote by m;,. Observe that the unitary representation ;, is irreducible
as soon as the Banach space representation m;, on J¢;, is: if V is a non-trivial
closed invariant subspace of the Hilbert space, then V' N J is a non-trivial closed
invariant subspace of #.

The spherical function ¢;,, is clearly positive-definite.

Now we want to make a closer study of the representations wg on Jg with
s € iR, and s € R satisfying —p < s < p.

(1) Irreducibility
Because of the duality between my and m_; it is obvious that wg and m_; are
irreducible if ug and u_; are cyclic vectors in Hs and J_g respectively.

Lemma 7.5.11. The vector uy is cyclicif s # p+ k, k =0,1,2,....

Notice that us(g) = [e. g-£°]° 7 (g € G). Let 1 be a measure on B (a continuous linear
form on C(B)) such that

/ lg - co. b1 Pdu(b) = 0
B

for all g € G. Then clearly all K-translates of p satisfy the same condition, and we may
thus replace u by f(b) do(b) for some f € JH_g by taking a suitable convolution product
fb) = g* ub) = [;glk)(Lip)(b)dk with g € C(K). If we can show that the
condition implies f = 0, then clearly . = 0 and u; is cyclic in FH;.

So let f € J; be such that jB [g - €0, b’ P f(b)do(b) = O forall g € G. Then
again the same holds for 7_;(g) f for all g € G. Taking g = a, and differentiating the
expression in ¢t = 0 several times, we getfors # p+k (k =0,1,2,...)

/ b’ f(b)do(b) =0 (7.5.4)
B

for! = 0,1,2,..., s0 f is orthogonal to all M-fixed vectors in C(B). Since the K-
translates of these vectors span L2(B) (see Section 7.3), and (7.5.4) also holds for the
K-translates of f, we get f = 0. Hence uy is a cyclic vector in Hs.

Corollary 7.5.12. The representations wwg on Hg are irreducible for s # +(p +
k), k = 0,1,2,.... In particular, g is irreducible for s € iR, and s € R
satisfying —p < s < p. For s = p the trivial one-dimensional representation is a
sub-representation of .

(2) Intertwining operators
Define for Re s > 0 the mapping A5 on H_; as follows:

(A5 (&) = /B Wy b) f)do(®)  (E€E). (155
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Here Wj is as in (iv). Since [z Wi(b,b") do(b') = y(s) exists for Res > 0, one
easily sees that Ay is well-defined:

As YD =y 1 fllo  (f € Hs.b € B), (7.5.6)

where || - ||oo denotes the supremum norm on C(B).

Because of the G-invariance of the form £ (see (v) (b)), it follows that Ag f is
continuous, so in H_g. By (7.5.6) A is a continuous mapping from H#H_g to Hs.
Finally,

ms(x) As = As m—s(x)

for all x € G. The mapping Ay is called an intertwining operator.
Let now s be real, 0 < s < p. Then 7_; is irreducible and

(f14s8) :/;?/;?Ws(b,b’) f)g®)da(b)do®d')  (f.g € FH-y) (1.57)

is a G-invariant positive-definite form on J_g according to Lemma 7.5.10. It is
even a scalar product. We also have

(f1As ) v I fl3%  (f € H-y). (7.5.8)

From (7.5.7) we obtain a pre-unitary structure on #_;. Completing #_; and ex-
tending 7_s(x) continuously to this completion for all x € G, m_; becomes a
unitary representation. Moreover, 7_g remains irreducible as a unitary represen-
tation. Indeed, if V' is a non-trivial closed invariant subspace, then V N C(B) is
non-trivial and closed in the uniform topology, by (7.5.8).

The irreducible unitary representations w—g with 0 < s < p, thus obtained, are
called representations of the complementary series.

Clearly, p_s(x) = ﬁ(u_ﬂAsn_s(x)u_s) (x € G), see (vi). Notice that
Agu_g = y(s) us, which gives an alternative proof of this expression for ¢_;.

(3) Class one representations

We can now conclude that the class one representations are given by
* the unitary spherical principal series 7y, (v € R, mwjy, ~ m—iy),
* the complementary series 7—s (0 < s < p),

* the trivial representation.

The associated positive-definite spherical functions are ¢;,, @5 and ¢,, respec-
tively.
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(vii) Plancherel formula

In this subsection we shall determine the Plancherel measure for the pair (G, K).
We start with a summary of some (advanced) functional analysis, see [11, Chap-
ter XII] or [46, Chapter VI].

(1) Spectral theory of self-adjoint operators on a Hilbert space

Let # be a Hilbert space with scalar product denoted by ( | ) and A a linear
operator defined on some subspace of J, called the domain of A and denoted by
D(4),

A:D(A) — H.
We shall assume throughout that D(A) is dense in J. The adjoint A* of A is

defined as follows: its domain D(A*) is the set of elements f € J¢ such that the
linear form

g (Aglf) (g€ D)

is continuous. For such f an element f* € J exists such that

(Aglf)=(@lf") (g€ D)

and one sets
A*f = f*.

Clearly, D(A™) is a linear subspace of J¢, not necessarily a dense subspace.

An operator (D(A), A) is said to be self-adjoint if D(A) = D(A*)and A = A*.

Let A be a linear operator with domain D(A). The resolvent set of A is the
set of complex numbers z such that zI — A is a bijection of D(A) onto # and
such that the inverse R, = (zI — A)~! is a continuous linear operator on #. The
operator R; is called the resolvent of A. If z and z’ are two complex numbers of
the resolvent set of A, then

RZ - RZ/ - (Z _Z,)RzRZ/

(resolvent equation). The resolvent set is open and z > R; is an analytic function
on this open set. The complement of the resolvent set is called the spectrum of A.

If A is self-adjoint, then its spectrum is real. Moreover, if Im z # 0 then

R = .
A spectral function on R is a mapping from R into the set of orthogonal projections
of the Hilbert space #

E:A—E A
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such that
(a) A+ Eyisincreasing: £y E;, = E, if A1 < A2,
() limy oo Exf = f,limy_,_ E; f =0forall f € K.
Observe that A — (E f | g) is a function of bounded variation on R, so it yields

a Riemann-Stieltjes integral or measure, called the spectral measure associated to
the spectral function. For all bounded continuous functions ¢ on R one defines

E(¢) = [_ o(0) dE;.

which means

E@) S |g) = /_ SV d(Esf | g)

forall f,g € J.
This is a bounded operator on #, and

E($) = E(¢)".

If ¢ is an arbitrary continuous function on R, one can again define E(¢) with
domain {f € H# : [ |p(A)|?d(Es f | f) < oo}. This domain is dense in F. If ¢
is real-valued, then E(¢) is self-adjoint.

Let now A be a self-adjoint operator with domain D(A). There exists a spectral
function E on R such that

o0
A= / AdE;.
—00

This function is unique if we assume that A +— E, f is left continuous for all
f € 4, which we can. If R, is the resolvent of A, then

> dE
RZ:/ }l.

o0 Z—A

From this we obtain, if ¢ and p are real numbers, then

oo €

Im(Rysie f | f) = — / d(E,f | ).

—oo (= A)% + &2

Now v¥e(un) = %m is well known to be an approximation of the delta-
function at A, i.e.

i [ G0 v di =) @ < Ce®).
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So we get

lim [ Im(Ry1ie f | f) @A) dA = —ﬂf_ P d(ELSTS) (759

EJ/O —00

forall f € # and ¢ € C.(R). The latter formula is important, for it helps in many
cases to determine the spectral measure associated with a self-adjoint operator.

(2) Application: the Laplace-Beltrami operator

Let A be the Laplace—Beltrami operator on the manifold X (see (iii)) with domain
D(A) = C°(X), the space of C* functions on X with compact support. This
domain is a dense subspace of L?(X). We obtain a densely defined linear operator,
which is known to be symmetric, i.e.

Aflg=(f1Ag)

for all f,g € D(A). Otherwise formulated: A C A¥*. This rather plausible
fact follows from another view on the Laplace—Beltrami operator coming from the
theory of Lie groups and Lie algebras. We shall give a summary here.

We shall make use of the theory of Lie groups and Lie algebras to some extent.
We refer to [55] and [24]; see also [21].

Let G = SOg(1,n) be as before and let g be its Lie algebra consisting of the
(n 4+ 1) x (n + 1) matrices Y satisfying

J'YJ =-Y.

The Cartan involution 6 of G induces an involution on g: (Y) = —'Y = JYJ,
and its =1-eigenspaces are given by ¥ and p respectively,

g=*t&yp,

where f is the Lie algebra of K consisting of the anti-symmetric matrices and p
consisting of the symmetric matrices

0 y1 ... yn
N 0O ... 0
Y= -0 ... 0
Yn O 0
with y1,..., y, inR. The Lie algebra g is semisimple and its Killing form is given

by
BY,Z)=n-1)uYZ.

This form is negative-definite on ¥ and positive-definite on p. Moreover, it is
invariant under 6 and (Y, Z) = —B(Y, 6Z) is a scalar product on g.
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Any Y € g corresponds to both a left- and a right-invariant differential operator
on G:

YfHx) = i ) f(xe'Y) (left-invariant case),
dtlt=0

d
(Y1)(x) = E) | f©7x) (right-invariant case)
t=
(x € G, f € C*°(G)). This correspondence can easily be extended to U(g), the
universal enveloping algebra of g; for example in the left-invariant case
n

ROVOES ? f(xe”l...ef"%

= —tn—O

The Casimir operator w is defined as follows. Select a basis Yq,..., Y, of g and
a dual basis Y/,...,Y,, of g B(Y,-,Yj’) =1ifi = j, B(Yi,Yj’) =0ifi # j.
Then

w=Y1Y{+ -+ YnY,,

where m = dim g. This differential operator does not depend on the special choice
of the bases and it is left- and right-invariant under G.

Let Z1,..., Z,, be another basis of g and Z’l, el Z;,l the unique dual basis. Then we
may write

Yi =) sij Z with s;; = B(Y;, Z)),
J

Yl/ = Ztlk Zl/c with 17, = B(Yl/’ Zk)-
k

Moreover,

Zi = Zuij Y; with u;; = B(Z;,Y/)) = 15,
Zp=> v Y,  with vy =B(Z].Y) = su.

Now B(Z;,Z;) = )_; uij vi;. This expression is equal to 1 if i = /, and equal to 0 if
i # [. So the same holds for Zj tj;i sj1. We finally have

m
oYY = stz Zk_ZZ zl.
i=1 i,/.k

Because the Killing form is Ad(G )-invariant, the Casimir operator is too, so w is left- and
right-invariant under G.
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Selecting orthonormal bases Y1,...,Y; of ¥ ({ =dim¥f)and ¥;4q,..., Y4, of
p with respect to the above scalar product, we have

0= Y~ = YEH Y+ YA,

If f is a C* function on G, right-invariant under K (or actually a C°° function
on X), then

wf =wpf
where wy = le+1 4+ 4 le-i-n‘ One also denotes wy = _Y12 . — le. Both
wg and wy are bi-invariant under K. Observe that wp can be viewed as a left-G-
invariant differential operator on X of the second order. Such an operator is unique
up to complex constants, so wp = ¢A with ¢ a real constant here.

Any left-G-invariant differential operator D on X is completely determined by its be-
haviour at eg:

f = Df(eo)  (f € CF(X)).

Choosing local coordinates yy, ..., y, near ey, where
(YI»---»J/n)eeY(yl ..... yn)‘E()eX,
we have Df(eg) = p(%, e, W“’”)f(eo), where p is a polynomial. Since D acts on

C*®(X) >~ C*°(G/K), the polynomial p must be K-invariant, hence a one-variable poly-
nomial in yf + -4+ y2. So wp and A, both being second order invariant differential
operators on X, are proportional.

Let f,g € C2°(X). Then, considering ¥ € g as a right-invariant differential
operator, we easily get
Yflg) =—-(f1Yg)
and hence
(@pf18) = (f [wpg).
So A is a symmetric operator.

Any symmetric operator A has a closure, denoted by A, its graph is the closure
of the graph of 4. One can show ([46]) that A = A**. Clearly, A C A*, since A*
is a closed operator and A is symmetric again.

Proposition 7.5.13. The operator (D(A), A) is essentially self-adjoint, that means
(D(A), A) is self-adjoint. One even has A = A*.

The domain D(A) consists of functions u € L?(X) for which there exists a sequence of
functions f,, € CZ°(X) satisfying

lim f,, =u and lim Af, =v
m—00 m—0oQ

for some v € L2(X). Then Au = v. The convergence has to be considered in the
L?(X)-topology.
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In the proof of the proposition we shall use the following properties: if f € C2°(X)
and i € CX(G), then
Ath* f)=h*xAf =a'hx f

where @' = w/c, and if in addition u € L?(X), then
(hxulf)=@l[h=x*f)

where 7i(x) = h(x~1) (x € G).
Let us now prove the proposition.
(@)Ifu € L>(X) and h € C2°(G), then h * u belongs to the domain D(A) and moreover

Ahxu) = A(h*u) = o'h *u.
Indeed, let { f;,,} be a sequence of functions in C>°(X) such that

lim f, =u (in L*(X)).

m—0o0
Then
lim h* fp, =h*u
m-—00
and

lim A(hx fi) = lim o h* fp
m—00 m—0o0
=o' hxu=A"h=x*u).
(b) Let now u € L?(X) belong to D(A*): for all f € C2(X) one has
w|A f)=(A%ul f).

Let {h,,} be an approximate unit (see Section 4.6 (vii)) consisting of a sequence of func-
tions iy € C(G), hym = 0, [ hm(x) dx = 1. Then

lim Ay, *u =u (in L2(X)).

m—00

Moreover, h,, * u € D(Z) C D(A*) forallm = 1,2,3,... and we have for all f €
C(X)

(A (hy xu)| f) = (hy *u|Af) (since A is symmetric)
= (|l AS) = | A * 1))
= (A*U [T % ) = (hm % A*u | f).
Hence A (h, % u) = h,, * A*u for all m, and therefore

lim A (fy, % u) = A*u.

m—0o0

We may conclude that u € D(A), so D(A) = D(A*) and A = A*.
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Remark 7.5.14. The domain of A = A* consists of all u € L?(X) such that Au
“in distribution sense” is a regular distribution belonging to L2(X). This is easily
seen by those readers who are familiar with the theory of distributions (see, e.g.,
[41] and [43]). Others may skip this remark. The theory of distributions will play
a major role in Chapter 8.

We are now going to determine the resolvent of A and then its spectral measure.
We need some preparation.

(3) Asymptotic behaviour of the spherical functions

Set for a; € A, ¢s(az) = (s, t). The function ¢(s, .) is a solution of the differen-
tial equation

d?y cosht dy s 9
— — - = — . 7.5.10
dt? +( ) sinht dt (" =p)y ( )
Setting z = — sinh? ¢ we obtain
d? d
4z(z — 1)—y +2[(n + l)z—n]—y = (s —p?) y. (7.5.11)
dz? dz
The hypergeometric function 5 Fy (a, b; ¢; z) satisfies the differential equation
d? d
eI @b+ z—adY vaby =0 (75.12)
dz? dz
(see [13]). Thus we can express the function ¢(s, ) as
S+p —=s+p n .
@(s.t) = 2F1( 2p’ 5 p;z;—smhz t).

We shall determine the asymptotic behaviour of the solutions of (7.5.10) for t —
oo and for ¢ | 0.

(a) For t — oo we make use of the following relation for hypergeometric functions
(see [13]):

h—
2F1(a,b;c;z)=%(—Z%azﬂ(ml—c+a;1_b+a;§)

rOr@=—b | ,

+m(—2) 2F1(b’1_c+b,1—a+b,;)

(larg(=2)[ < 7).

Both functions on the right-hand side are solutions of (7.5.11). Let us now take

a=3FL b= ¢ =2 7= —sinh?t and set
e —S+p —s—p+1 —1
®(s, 1) = | sinh [P F( , 1—s: )
(s.1) = [sinh [~ 2 Fy (— 2 * Sinh? 1
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Then we have for s not an integer
@(s, 1) = c(s) D(s,1) + c(—s) D(—s,1)

with

c(s) = 2”_2r(%) T )

v T(s+p)
This c-function coincides with the one considered in (iv). To see this, apply the
duplication formula of the I"-function.
(b) For ¢ near 0, we apply the following method. First of all, ¢(s,.) is a regular
solution at ¢ = 0 of equation (7.5.10). To find a second solution, linearly indepen-
dent of ¢(s, .), we apply the method of quadrature.

Soset y(¢) = ¢(s,t) z(t). Then we get
) Z'(t) =0,

o(s.t) " () + ( n

and hence z satisfies

coshu
20 = / (-2 ).
sinh u
We have 0 |
Cf)S " = —(1 —I—a2u2 +a4u4 + )
sinh u u
near u = 0.

Hence (7.5.10) has a solution W such that nearz = 0
W)~ W) ~Q—n)'™ (n#£2),
1
W(t) ~ logt, (1) ~ A (n =2).
Clearly, W is linearly independent of ¢(s, .).

(4) Formulation and proof of the Plancherel formula

For f a continuous function on G, bi-K-invariant and with compact support, we
define its spherical Fourier transform by

7(s) = /G F() 03 (x) dx

where s is a complex parameter. Notice that this definition differs slightly from
that in (6.4.4). Clearly, f is an entire function of s. In view of (7.5.2) we may also
write

1) :/0 flas) o(s,t) A(t) dt.
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Theorem 7.5.15. Let f be a continuous function on G, bi-K-invariant and with
compact support. Then

dv
[ 1reokas = —/ TP -2
le(iv)]
where c is as in (3),
ré T
c(s) =272 ) i,
J T(s + p)
and K is the constant
T (n—1)t _ A2-n w2
K—tll)rgoe A(t) =2 F(%)'

(a) A formula for partial integration. Recall that L = 7 t2 + ‘31((:)) =7 1s the radial part

of the Laplace—Beltrami operator (see (iii)). For two functions F and G of class C! on
(0, o0) we set
[F.G](t) = A@) [F'()G(t) — F()G'(®)].

By partial integration we get, if F and G are C? on (0,00) and 0 < & < B,
B
/ (LF-G—F-LG)t)A@t)dt =[F,G](B) — [F, G](®).

So if F and G are two eigenfunctions of L with the same eigenvalue, then [F, G] is
constant. Consider in particular the functions ¢(s, ) and ®(—s, t), introduced in (3). From
the asymptotic behaviour of these functions for # — oo we obtain

[o(s,.), ®(—s,.)] = 2sKkc(s).

The equation Lu = (s> — p?) u also has a solution ¥ with asymptotics near t = 0 as
described in (3). The functions ¢(s, t) and W(¢) form a fundamental system of solutions
of Lu = (s® — p?) u, hence there are constants ¢; and ¢, (depending on s) such that

D(—s,1) =c1 (s, 1) + ¢ V(2).

Let F be an even C? function on R. If F(0) = 0, then it follows from the asymptotic
behaviour of ®(—s,?) near t = 0 that

}E}I(l) [F, CD(_S’ )](t) =0,
and if F(0) # 0,

[F, ®(=s. )] = [F = F(0)p(s..), D(=s, )] + [F(0) [p(s. ), D(=s. )],

hence
thE}) [F, (s, .)]() =2k sc(s) F(O).
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If, in addition, F' has compact support, we get
o0
/ (zF — LF)(t) ©(—s,t) A(t) dt =2k sc(s) F(0), (7.5.13)
0

with z = 52 — p2.

(b) The resolvent of the closure of the Laplace-Beltrami operator. Let K be the
function on G defined on the complement of K by

1
Kg(kak') = Tescls) D(—s.1) (t #0),

where k and k' are elements of the group K. If Res > p, the function Kj is integrable.
This follows easily from the asymptotic behaviour of ®(—s, ) near t = 0 and for t — oo.
If Re s > 0, then the function Kj is in L2(G)¥ at infinity, i.e.

/ | Ky (x)]? dx < o0 (7.5.14)
Cs

for some § > 0, where Cs = {Ka;K :t > §}.
Let f be a function in C>°(X) and let u be the function on G defined by

u= f *xKjs.

Obviously u is right K-invariant and can thus be viewed as a function on X; it is again
C and in L?(X) for Res > 0, by (7.5.14). It is even in D(A) for Res > 0 (see (2),
Remark 7.5.14).

For Re s > p the mapping f +— f * K can be extended to a continuous linear operator
on L2(X). The function u satisfies

zu—Au=f (z=s>-p* Res>0).
This follows from (7.5.13). We may conclude that the resolvent R, of A is given by
Rf=f*Ks (z=5—p

ifRes > p. Since s is an analytic function of z for Re s > 0, provided z ¢ (—oo, —p?], and
since for the above operator R; the function (R, f| f) is still analytic for these values of z,
we conclude that the support of the spectral measure (see (2)) is contained in (—oo, —p?],
and our R; is indeed the resolvent everywhere.

(c) The spectral measure of the Laplace-Beltrami operator. Let f € CX(G)*. If
A= —,o2 —v2, v > 0, then

lim (Ryse f] f) = f Kin() (F % £)(x) dx.,
el 0 G
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where the limit is uniform for A in compact subsets of (—oo, —p?]. Therefore we obtain
for any i € C.(R)

(o]

lim [ Im(Ry e /] /) R(A) dA

el0 J 0o
_ / ” / Im(Ki () (7 % £)(x) h(=p® — v) 20 dxd.
0 G

From the relation
@(s,1) = c(s) P(s, 1) + c(—s) P(=s.1)

we obtain
1 ¢@iv,1)
4k |c(iv)|?’

Im K, (x) = —

hence, if dE, denotes the spectral measure of A,

oo 0 d
| rvaEr1 = 5 [T TanR e -

le(@v)l?

(see (2)). The total measure of d(E f| f) is equal to || f||%, hence

2, 1 © o~ L, dv
[ reords = o [ iFanp -



Chapter 8
Theory of Generalized Gelfand Pairs

Literature: [49], [53].

In this chapter we shall extend the theory of Gelfand pairs (G, K) to the case where
the subgroup K is not necessarily compact. The examples that we have in mind
are G = O(1,n) x R*"™1, H = O(l,n) and G = O(1,n), H = O(1,n — 1).
We shall introduce the theory of generalized Gelfand pairs and apply it to these
examples, later on in Chapter 9.

We assume here explicitly some familiarity with the theory of Lie groups and
Lie algebras (see [55], [21], [24]), as well as some knowledge of distribution theory
(see [41], [43]) and of the theory of locally convex topological vector spaces (see
(4], [50]).

About the theory of generalized Gelfand pairs we shall sometimes be rather
sketchy, often giving references rather than proofs. The examples (in Chapter 9)
will however be treated in detail.

8.1 (C vectors of a representation

Let G be a Lie group with finitely many connected components, g its Lie alge-
bra and U(g.) its universal enveloping algebra over C, realized as the algebra of
left-invariant differential operators on G. Any basis of g as a real vector space
generates the algebra U(g.). Fix a left-invariant Haar measure dx on G. Let &
be a representation of G on the Fréchet space . Recall that a Fréchet space is a
complete locally convex space with a countable set of semi-norms. The definition
of representation is the same as in Section 7.5 (vii). The reason for extending from
Hilbert spaces to Fréchet spaces will be become clear soon. A vector v € J is
called a C *° vector if the mapping

x = m(x)v (x € G)

from G to J¢ is C°°. Denote by Fo the subspace of all C*® vectors in J¢. Given

f € CZ°(G) denote, as usual, by 7(f) the continuous linear operator on
defined by

7(fv= /G f(x)m(x)vdx (v e H).
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The definition of the operator 7 ( f) is more involved than in the case of a Hilbert
space, but in principle it goes along the same route.

For all f € C2°(G) and all v € J we have 7(f)v € Hoo. The space of all
linear combinations of such C° vectors is called the Gdrding subspace of r; it
is a dense subspace of . Indeed, let { f,},>1 be an approximate unit, that is a
sequence of elements of C°(G) satistying

@ fu=0, [g falx)dx =1,
(b) there exists a decreasing sequence (Oy),>1 of compact neighbourhoods of
the unit element e such that Supp f, C O, for all n and ﬂnzl 0, = {e}.

Then for each v € #, w(f,)v — v as n — oo. In particular, H is dense in F.
Given v € Hoo, setV(x) = w(x)v (x € G). S0V € C*(G, H). For D €
U(ge) and v € Hs we define

7 (D)v = Dv(e).

In particular, if X € g,

d
T(X)v = i m(exptX)v,
where “exp” denotes the exponential mapping from g to G. Obviously, we have
7(D)Hoso C Hoo, since (x)m(D)v = Dv(x) (v € Hoo, X € G). In addition,

n(D1)r(D2)v = (D1 D2)v (D1, D2 € U(ge), v € Heo).

We have obtained a representation of the algebra U(g,.) on #Hoo.

The space Hoo is also G-invariant: if v € Hoo, then w(x)v € Hoo for all
x € G; moreover, we get a representation of G on o in this way, which we
call moo. If we provide #o with the topology of C°°(G, #), via the injection
vV > U, o(X) becomes continuous for all x € G. The space Hoo, provided
with this topology, can be considered as a closed subspace of C*°(G, #), so as
a Fréchet space. We leave the proof to the reader. Finally, m is a (continuous)
representation of G on Hee.

The topology on # can alternatively be defined by means of a set of semi-norms. Let,
for example, J be a Hilbert space and let Xy,..., X, be a basis of g (as a real vector
space). Then the set of semi-norms || - ||, is given by the formula

iz = Y lx(X)™ - m(Xa)* ]2

loe|<m

with @] = o1 + --- + o, o; non-negative integers, and v € Ho,. The topology does not
depend on the choice of the basis of g.
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Examples

1. Let G be a Lie group with finitely many connected components. Then C*°(G)
is in a natural way a Fréchet space. The group acts from the left and for this action
every function in C*°(G) is a C *® vector.

2.Let G = SO¢(1,n) and let w5 (s € C) be a spherical principal series representa-
tion on C(B), see Section 7.5 (vii). Then clearly C°°(B) consists of C*° vectors.
On the other hand, if f € C(B) is a C*® vector for g, then k — f(k~'b)is a
C° function on K forall b € B,so f € C*(B).

3. Let again G = SOg(1,n) and consider 7;, (v € R), the unitary spherical
principal series on L2?(B). Then again C®(B) consists of C* vectors since the
injection of C*°(B) into the Hilbert space L?(B) is continuous. The converse is
also true: each C° vector for r;,, belongs to C°°(B). For the proof, see Exam-
ple 4. It follows also and easily from the following useful and remarkable lemma,
due to Dixmier and Malliavin [9]:

Lemma 8.1.1 (Decomposition lemma). Let G be a real Lie group.
(a) Any function f € C°(G) can be written as a finite sum of functions of the
form g xh (g,h € C°(G)), where ‘star’ means convolution product.
(b) If # is a Fréchet space and w a representation of G on H, then Hoo coincides
with the Garding subspace of .

Since the injection C®°(B) — L?(B)w is continuous, the space C*°(B) also
coincides topologically with L?(B ), by the closed graph theorem.

4. Let again G = SOg(1,n) and consider now 7_s (0 < s < p), the comple-
mentary series of G. These representations are realized on the Hilbert space #—;,
being the completion of #_g ~ C(B) taken with respect to the scalar product

(fle)s=(f|A4sg) (f.g € H—s),

see Section 7.5 (vi). Write || f||5 for the norm of f € H_s. In order to determine
the space of C*° vectors in this case, we need some preparation. Clearly, C°°(B)
consists of C* vectors, since again the injection of C°°(B), with its usual topol-
ogy, into H_g is continuous, by formula (7.5.8). The converse is also true: C°°(B)
is precisely the space of C° vectors for 7_g (also topologically). To show this we
study the K-decomposition for mw_;.

Restricting m_g to K, we get a unitary representation of K which is the orthog-
onal direct sum of representations U; on J; (see Section 7.3 for notation), each

occurring once, So
o9}
J_s =P
=0
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The scalar product on #;, inherited from J_g, is proportional to the standard one.
To find the positive factor, it is sufficient to compute, for each /, the integral

mw@%=£%«&wwwwa

where ¢; is the spherical function in J{;, which, as we have seen before, is a
Gegenbauer polynomial. The above integral has been evaluated in [56]:

C(—s+p+1) T(s+p)

V6. = VO R T T o

By the asymptotics of the I'-function: Il:gi% ~ 297t (1+0(2)) (largz| < 7),
we get

y(s,[)7! <const.I? (I - 00),

the constant depending only on s.
Let us decompose the C*° vector f € H_g as

oo
=Y

=0
where f; € J;. Then we have f; = Z;llzl(ﬂei)s e; with d; = dim J¢; and
e1,...,eq, an orthonormal basis in J{; with respect to the scalar product of H_s.
Let wg be the Casimir operator on K, considered as a left-invariant differential
operator on G; wp = —X 12 - =X ,f in the notation of Section 7.5 (vii), where
X1,..., Xg is an orthonormal basis of the Lie algebra ¥ of K with respect to

—B(X,Y), B being the Killing form of the Lie algebra g of G. Then 7n_g(wsy) is a
scalar on J#;, equal to a positive constant (not depending on /) times the action of
—Q on H;, the latter being a; = [ (I +n—2) times the identity (see Section 7.3 (v)).
We shall ignore the constant here. Now notice that for each m = 0,1,2,... and
b € B one has

d; d;
YIS lesei®d)| =Y [(r—s(wg") flesla;™ lei (b)]
i=1 i=1

d;
< (@) fls g™ (D lei (0)P)

i=1

1/2

< @) fllsay™ y(s. )72 a2,

Hence Y 72, f1(b) converges uniformly to a continuous function, and this func-
tion equals f. Even stronger, for each non-negative integer p, Z?‘;O(a)gp f1)(b)
converges uniformly too.
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To show that /' € C°°(B), we have to prove that > ;o ,(Df;)(b) converges
uniformly on B for each left-invariant differential operator D on K. So we have
to relate D to wy.

Let D = Xj, a basis element occurring in the definition of wg. Then we have
for f € #;andb € B

X, fO)* = di|X; f15 (norm of L*(B))
<di (=X} f1f)
<di (e flf)=dia | f13,
and hence
X X fB)? < dpai | f13,
and therefore
IDf (D) < cqdia] | f13,
if ¢ = order of D, ¢4 being a constant. So we finally get for 1 <i < dj,

|Dei (D) < cqy(s,)"" djaf.

We may conclude that Y ;2 (D/f7)(b) converges uniformly to a continuous func-
tion on B, and hence f € C*°(B).

Observe that a similar reasoning may be used for the unitary spherical principal
series.

8.2 Invariant Hilbert subspaces

Let again G be a Lie group with finitely many connected components and let H
be a closed subgroup of G. Assume throughout this chapter both G and H to be
unimodular, so that G/H admits an invariant measure (cf. Section 4.5). Fix Haar
measures dg on G, dh on H and a G-invariant measure dx on G/H such that,
formally, dg = dx dh.

Let 7 be a (continuous) unitary representation of G on a Hilbert space . En-
dow Hoo with its topology defined in Section 8.1. Denote by #_, the anti-dual of
Hoo endowed with the strong topology (uniform convergence on bounded subsets
of the locally convex space #Ho). Any a € H_ is a continuous, anti-linear form
on Ho and H_ is again a Fréchet space.

The inclusion #Ho C H (continuous injection) and the isomorphism of the
anti-dual of a Hilbert space with itself, yield a continuous inclusion # C H_oo,
so that

Hoo C H C H_wo.

The group G acts on H_, and the corresponding representation is called 7_q.
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As in [41] and [43], denote by D(G), D(G/H) the spaces of C*° functions
with compact support on G and G/H respectively. These spaces were previously
denoted by C2°(G) and C°(G/H ), but we shall adopt Schwartz’s notation from
now on. Endow both spaces with their usual topology. Let D'(G), D'(G/H) be
the topological anti-dual of D(G) and D(G/H) respectively, provided with the
strong topology. Both D(G/H) and D’(G/H) are reflexive, they are each other’s
dual (see [43]). For v € Hoo, a € H_oo We set (a,v) = a(v) and we also
write (v, a) instead of {a, v). Similarly we set (T, ¢) = (¢, T) = T (¢) for either
¢ € D(G), T € D'(G)orgp € D(G/H), T € D'(G/H). Denote by ¢g > ¢ the
canonical projection mapping D(G) — D(G/H) given by

o(x) = /H wo(gh) dh (x =¢gH € G/H). (8.2.1)

For ¢ € C.(G) this mapping was considered already in Section 4.3; for g9 € D(G) the
treatment is similar: the function ¢ is seen to be C* by applying local coordinates, while
the surjectivity follows as in Section 4.3.

For any a € #_ and g9 € D(G) we define

7oo(g0) @ = /G 00(8) T—oo(g) a dg.

Then m_oo (@) a € Hoo. Indeed, it is easily seen that m_o(¢9) a € H. We leave
it to the reader to show this. Applying then the decomposition lemma (Lemma
8.1.1) the result follows.

For the representations 7, 7o, and m_s, We have the following properties:
(i) m is irreducible if and only if 7o is;
(i) & is irreducible if and only if 7_o is.

Let us show (ii). If & is irreducible, then w_ is: if V' is a closed G-invariant subspace
of H_oo,then VN H isclosedin H,so VN H ={0}or VNH=HKH.IfVNH={0}
then V' = {0} since V N J isdense in V. Indeed, withv € V, v # O thereis a g9 € D(G)
with 71— (@o)v # 0 and this vectorisin J andin V. If VN H = H then V = H_.

Let now 7m_q be irreducible and let V' be a non-trivial invariant closed subspace of J.
Then V is dense in H_,. Let g € D(G). If v € H_ is the limit of v, € V in H_,
then v and v,, satisfy 7 (¢o)v, — T—oo(@o)v in K, by the closed graph theorem applied
to the mapping 7—_o(¢o) : H—co — H. Therefore m_o,(po)v € V, hence Ho C V, so
V = #. Hence 7 is irreducible.

The proof of (i) is along the same lines.

A vector a € H_o is called cyclic if the space of all vectors of the form
T—0o(@o) a (po € D(G)), is dense in H.

An equivalent definition requires that span(m_so(G)a) is dense in . In the present con-
text we prefer the definition given above.
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Define now
HHE —laeH o : 7 oo(h)a=aforallh e H}.

We shall say that 7 can be realized on a Hilbert subspace of D'(G/H) if there is
a continuous linear injection j : # — D’(G/H) such that

Jr(g) =Lgj

for all g € G (Lg denotes left-translation by g). The space j(H) is called an
(invariant) Hilbert subspace of D'(G/H). We have the following theorem.

Theorem 8.2.1. The unitary representation (i, ) can be realized on a Hilbert
subspace of D'(G/H) if and only if ¥ floo contains cyclic vectors. There is a one-
to-one correspondence between the cyclic vectors of Jf’floo and the continuous
linear injections j : # — D'(G/H) satisfying j n(g) = Lg j (g € G). Toa
cyclic vector a in H f’oo corresponds the injection j for which j* : D(G/H) — H#
is given by j*(p) = T—o0(¢0) a.

The proof is based on the decomposition lemma. Let {f,} be an approximate unit as
in Section 8.1. Let j* be the dual mapping of j, so j* : D(G/H) — J, and define
Jo 1 D(G) — H by ji (o) = j*(¢), where ¢ and ¢ correspond as in (8.2.1). Then
clearly j; is continuous and jjLg = m(g) jj forall g € G. Let v € Ho be of the form
v = 7w (Yo) w for some Y9 € D(G), w € H. Then we have

Ui v) = U () (o) w)
= (Vo) jg (fn), w)
= (¢ Wo * fo), w).

This latter expression tends to (i (Jo), w) when n — o0o. So lim, o0 (j§ (fr), v) exists
and defines, by the special properties of the topology of H_, an element a of H_:
(a,v) = lim,00(jig (fn),v), v € Hoo (Weak convergence of a sequence of elements in
H_o defines an element of H_, by the closed graph theorem). Furthermore

(](T(QDO * fn)v U)
= Jim (i (fu). 7w (Fo)v)

= {a.7(po)v) (9o € D(G), v € Hoo).

(Jo (o). v) =

lim
n—oo

Hence j (¢o) = m—co(0) a, and thus j*(¢) = 7_oc(¢o) a. Clearly, the vector a is cyclic
since j is injective. Given j, the vector a € H_ is unique, and clearly H -fixed. Indeed,
just replace @o by Ry@o, where for h € H, Ry is defined by Rp¢(g) = ¢o(gh) (g € G).
The other statements of the theorem are obvious.
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Let 7 be a unitary representation realized on a Hilbert subspace of D'(G/H)
and j : # — D'(G/H) the corresponding injection. Denote by &, the cyclic
vector in #H defined by Theorem 8.2.1. Then we set

(T.po) = (x. T-oo(90)§x) (9o € D(G)).

The anti-linear functional T is a left and right H -invariant distribution on G.
We call T the reproducing distribution of w (or #); it is positive-definite, bi-
H -invariant and satisfies

17 *el* = (T, @o * ¢o) (8.2.2)

for all 9 € D(G). Given a positive-definite, bi- H -invariant distribution 7" on
G, formula (8.2.2) shows the way to define a G-invariant Hilbert subspace of
D’(G/H) with T as reproducing distribution. Indeed, let V' be the space D(G/H)
provided with the scalar product

(@ |¥) = (T. 9o * ¥o).

Let Vp be the subspace of V' consisting of the elements of length zero and define
H to be the completion of V/Vy and j* the natural projection D(G/H) — J.
Then clearly

1/ *@l1* = (T.@o * po)

for all g € D(G).
An easy calculation shows that jv is a C® function for all v € Ho. Actually

ju(x) = (r(g"Yv.&)  (x =gH € G/H). (8.2.3)

Note that j can be extended to H#—_oo (as anti-dual of j* : D(G/H) — Hso).
Then j(&;) is precisely equal to the reproducing distribution 7', considered as an
H -invariant element of D’(G/H ). One has

Ji*(@) =@ox T (8.2.4)

for all g € D(G).

Let 71 and m, be two unitary representations on #; and #» respectively, real-
ized on D’'(G/H) by means of the G-equivariant injections j; and j,. Denote the
associated reproducing distributions by 77 and 75. Assume that 77 = 7>. Then we
have | jf¢l|> = |l ¢|? forall ¢ € D(G/H), thus U given by U(j @) = jS¢
is well-defined and can be extended to a unitary operator from #; onto H»,
commuting with the actions of G. Moreover, j; = j, o U. We say that the
triples (71, #1, j1) and (72, #2, j2) are equivalent. We shall alternatively call the
Hilbert subspaces ji(#1) and j,(H>) equivalent.
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Summarizing we have

Proposition 8.2.2. The correspondence #H <> T that associates to each invari-
ant Hilbert subspace its reproducing distribution is a bijection between the set of
equivalence classes of G-invariant Hilbert subspaces of D'(G/H) and the set of
bi- H -invariant positive-definite distributions on G.

A bi- H -invariant positive-definite distribution 7" is said to be extremal if for any
bi- H -invariant positive-definite distribution 77 with 77 < T one has 71 = AT for
some A > 0. Here 71 < T means (71, @0 * o) < (T, @0 * o) for all oo € D(G).

One has the following proposition.

Proposition 8.2.3. Let @ be a unitary representation, realized on a Hilbert sub-
space j(H) of D'(G/H) and let T be its reproducing distribution. Then the fol-
lowing two statements are equivalent:

(1) m isirreducible,

(1) T is extremal.

Let 7 be irreducible and let 77 be a positive-definite bi- H -invariant distribution on G
with 77 < T'. Then T} is the reproducing distribution of an invariant Hilbert subspace of
D’(G/H), thus of a unitary representation on a Hilbert space J¢; realized on D'(G/H).
Call the natural G-equivariant injection j;. The mapping A given by A(j*¢) = jle¢
is well-defined and continuous since 73 < T implies || j; ¢lls, < I|j*¢lls forall ¢ €
D(G/H). Extend A to . Then Aj* = j, hence jA*Aj* = ji1j;. Now A*A is in
End(#¢) and commutes with 7(G), so it is a positive scalar A, by Schur’s lemma. Hence
Jiji =Ajj* and thus Ty = AT.

Conversely, let T be extremal. Suppose that #; C H is a closed invariant subspace
and let P denote the orthogonal projection of J# onto #;. Then j*¢ = P j*¢ where j;
is the injection j restricted to #; and ¢ € D(G/H ). Hence

lifel?> =1IP j*el* < 1j*el?

or (T1, 90 * @) < (T, @o * o) for all 9 € D(G). Here T is the reproducing distribution
of #,. Because T is extremal, we get Ty = A T for some A > 0, hence ||P j*¢|?> =
Allj*||?,so P =0o0r P =1.So H; = {0} or #; = H. Hence r is irreducible.

Denote by I'g the cone of bi- H -invariant positive-definite distributions and by
ext(I'g) the subset of the extremal distributions. It is easily seen that this set can
be identified with the set of extremal rays of I'g.

We can choose a so-called admissible parametrization s +— T (s € §) of
ext(I'g), where S is a topological Hausdorff space, see [49]. Fix such a space S.
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Proposition 8.2.4 ([49, Proposition 9]). For any T € T'g there exists a (not neces-
sarily unique) Radon measure m on S such that

(T. g0} = /S (Ty. g0) dm(s)

for all o9 € D(G).

The measure m occurring in Proposition 8.2.4 is a special kind of a so-called
Borel measure, being a measure on the Borel subsets of S (see [43]). This mea-
sure concept is more general than the one we introduced for locally compact spaces
in Section 4.1. We do not elaborate on it; it is a topic in regular courses on mea-
sure theory, see, e.g., [40]. The result of this proposition, except for the fixed
parametrization independent of 7', has been obtained by L. Schwartz and K. Mau-
rin. See [49] for references. The proof of the proposition is also sketched there.
A preliminary version was obtained by Thomas who applied Choquet’s theorem,
a generalization of Krein—Milman’s theorem. The result of Proposition 8.2.4 how-
ever is more precise.

We shall be mainly interested here in the decomposition of the distribution 7" €
' given by

(T, go) = [H ooy dh (g0 € D(G)),

which corresponds to the §-distribution at the origin of G/H . This decomposition
might be called a Plancherel formula for G/H .

We conclude this section by showing that any 7" € ext(I'g) is an eigendistribu-
tion of all bi-G-invariant differential operators on G. We begin with a summary
of some additional well-known facts from functional analysis.

Let A be a densely defined linear operator from a Hilbert space #; into a Hilbert
space #, and let by A* be its adjoint. Then one has:

(1) A* is a closed operator. A has a closure if and only if the domain D(A4*) of
A* is dense.

(2) If A is a closed operator, then D(A* A) is dense and A* A is a positive self-
adjoint operator.

(3) If A is a closed operator, then it has a unique polar decomposition: A =
U(A*A)'/2, where U is a bounded operator #; — H#s, a so-called partial
isometry (cf. [34]).

Let now (7, #) be a unitary representation of G on a Hilbert space # with scalar
product denoted by ( | ). For X € g and v, w € # one has

(mlexptX)v|w) = (v| exp(—tX)w),
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hence the domain of 70 (X)* contains Heo and oo (X)*w = moo(—X)w for
w € Hoo. From this we easily see that for any D € U(g.) one has

Too(D)*w = Hoo(D)w (W € Hog)

for some well-defined D € U (gc). Hence moo(D) has a closed extension and
Too(D)* oo (D) is essentially self-adjoint.

Lemma 8.2.5. Let (77, #) be an irreducible unitary representation of G and z €
U(gc) a bi-G-invariant differential operator on G. Then moo(2) is a scalar on Hoo.

The operator Too(Z )eo(z) = A is defined on Heo, it is essentially self-adjoint and
commutes with 7, (g) for all g € G. The same holds for the closure of A. The projections
of the spectral decomposition of the closure of A commute with all 7(g) (g € G), are
thus equal to zero or . Hence A is a positive scalar. From the polar decomposition of
the closure of 7o (z) wWe see now that . (z) is a bounded operator, commuting with all
7(g) (g € G), s0 mo(2) is a scalar operator.

Let now T € ext(I'g) and let #/ C D’(G/H) be the associated minimal in-
variant Hilbert subspace. Then 7" € # f’oo and thus 7_oo(Z) T = A T for z as in
Lemma 8.2.5 and A a complex scalar. SoZ T = A T, since the representation 7 is
just left-translation. Hence T is an eigendistribution for all bi-G-invariant differ-
ential operators on G, since with z also Z is bi-G-invariant. So we have shown:

Proposition 8.2.6. Any T € ext(I'g) is an eigendistribution of all bi-G -invariant
differential operators on G.

8.3 Generalized Gelfand pairs

We are now going to generalize the classical notion of a Gelfand pair. We adopt
the notations of Section 8.2.

Definition 8.3.1. The pair (G, H) is called a generalized Gelfand pair if for each
irreducible unitary representation  on a Hilbert space # one has dim J(’floo <1

If the subgroup H is compact, then #* is dense in # foo, so the condition
dim #H < 1is equivalent to dim J floo < 1. A classical Gelfand pair is thus also a
generalized Gelfand pair. Clearly, C.(G)* is reduced to zero if H is non-compact,
so that the condition that C..(G)* should be abelian, is automatically satisfied. But
how to find then a criterion in order that the condition in the definition is satisfied?

The following result is proved in [49].
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Proposition 8.3.2. The following statements are equivalent:
(1) (G, H) is a generalized Gelfand pair.

(ii) Any unitary representation (7w, #) that can be realized on a Hilbert subspace
of D'(G/H) is multiplicity free, i.e. the commutant of 7(G) C End(#) is
abelian.

(iii) (Bochner-Schwartz—Godement theorem) For every T € D'g there exists a
unique Radon measure m on S such that

(T, go) = fS (Ty. g0} dm(s)

for all 9 € D(G).

We shall only show the implication (ii) = (i).

Let (7, #) be an irreducible unitary representation and assume that dim # floo > 1.
Then there exist at least two linearly independent G-equivariant injections from J¢ to
D’(G/H). Denote these injections by j; and j, and set #; = ji(HK), Ko = jo(H).
Provide #; and #, with the Hilbert space structure inherited from # by j; and j, re-
spectively. We clearly have J#¢; # J¢, (as subsets of D'(G/H)). Indeed, suppose that
H1 = J and consider j; 1j,. This is a closed linear mapping, hence, by the closed
graph theorem, a continuous mapping commuting with 7 (G). By Schur’s lemma we then
get j, = Ajj for some A € C and we obtain a contradiction. Now consider the inter-
section Jf; N H,. We shall show that it contains only zero. Provide this space with the
Hilbert space structure with squared norm ||v]|?> = ||v ||§€1 + ||v||§€2. Then G acts unitarily
on J1 N J#, again. Denote by i the identification #; N #» C J;1. Then i is a continuous
mapping and ii* : H; — H; commutes with the action of G, so ii* = Al for some
positive scalar A, hence i* = Al, so H1 N Hy D Hp if A # 0. The same then holds
for J5, so #H1 = H>. This contradicts our assumption, so A = 0, and thus, as said be-
fore, #1 N H, = {0}. Consider finally the Hilbert subspace #; + #,, provided with the
scalar product with squared norm ||v]|? = ||v1||§{,l + ||v2||§€2 ifv=uv; +vy (v1 € H,
vy € H). Since K1 and H, are irreducible and equivalent under the unitary G-action,
the commutant of #; + # is clearly isomorphic to the algebra M, (C) of 2 x 2 matrices
over C, which is not abelian. So dim Jd{oo <.

We now give a criterion, which will turn out to be very useful, to ensure condi-
tion (ii) of Proposition 8.3.2. It is due to Thomas.

Proposition 8.3.3 ([49]). Let J : D'(G/H) — D’'(G/H) be an anti-automor-
phism. If J(#) = H for all G-invariant or all minimal G-invariant Hilbert
subspaces of D'(G/H), then (G, H) is a generalized Gelfand pair.

The hypothesis J # = J# means: if j is the injection # — D’(G/H), then
there exists a anti-unitary mapping U : # — H# such that Jj = jU on #. In
that case we have Jjj*J* = jj*. The converse is also true: if Jjj*J* = jj*
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then || j*J*¢||? = ||j *¢||? forall p € D(G/H), hence j*¢ > j*J*¢is a well-
defined mapping, which can be extended to an anti-unitary mapping U* : # —
H,soU*j* = j*J* and therefore jU = Jj and J(H) = K.

See [49, Theorem E] for the proof. We reproduce it here. If the minimal invariant spaces
are invariant under J, then so are the others, for instance by Proposition 8.2.4. Let # be
a G-invariant Hilbert subspace and let 4 be the commutant of 7(G). Denote by j the
inclusion of # into D'(G/H). Let A € A be a positive operator, #; = (ker A)* C #
and A'/2 the continuous injection #; — . The space #; is a (G )-invariant Hilbert
subspace, j o A2 the inclusion mapping. By hypothesis Jj o A o j*J* = jAj*, so
jUoAoU™j* = jAj* for an anti-unitary mapping U : # — H,so UAU™! = A
on #. Thus for any A € A we have A* = UAU™!, since U is anti-unitary. Thus for
A, B € A we have (AB)* = A*B*, hence A is abelian.

An interesting way to construct such an anti-automorphism J is as follows.
Denote by D’(G, H) the space of right- H -invariant distributions on G, with the
relative topology of D’(G). It is well known that D’(G/H) can be identified with
D'(G, H). To see this, apply therefore the same method as in Section 4.5, for
example. Let t be an involutive automorphism of G that leaves H stable, i.e.
t(H) = H. Then define JT = T on D’(G, H). To check that the hypothesis
of Proposition 8.3.3 is satisfied, it suffices to show that JT = T for all (extremal)
positive-definite bi- H -invariant distributions 7" on G. So we have:

Corollary 8.3.4 ([49], [53]). Let T be an involutive automorphism of G that leaves
H stable, i.e. t(H) = H. Define JT =T forall T € D'(G,H). IfJT =T
for all (extremal) positive-definite bi- H -invariant distributions on G, then (G, H)
is a generalized Gelfand pair.

Some examples of generalized Gelfand pairs

(1) The pair (G x G,diag(G x G)) with G again unimodular, is a generalized
Gelfand pair. Indeed, apply Corollary 8.3.4 with 7(x,y) = (y,x). Identifying
G x G/ diag(G x G) with G by means of (x, y) — xy~!, we have to check that
T =T for any Ad(G)-invariant positive-definite distribution on G. However, this
property is already satisfied for any positive-definite distribution on G. Indeed, for
such a distribution 7" one has

(T. 0 * ¢o) = (T.Fo * po)
because these expressions are real-valued, and then, by writing
4 (o * Yo) = [(po + Vo) * (w0 + Yo) — (9o — Vo) * (vo — Vo)l
= —i [(po + iVo) * (po + i) — (po —ivo) * (po —ivo)],
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we get _
(T 9o * Yo) = (T, 90 * Vo)
for all ¢g, Yo € D(G), and thus

<(PO * T, WO) = <§00 * f’fv WO)
and hence g * T = @g * T for all 0o € D(G). These expressions are C ©
functions, and evaluating them at the unit element we get 7' = T.
(2) The pair (G, H) where G is the semi-direct product G = H x N, N a closed
abelian normal subgroup, e.g. G = O(1,n) x R**1. Take t(hn) = hn~!.

(3) Let G and H be as usual, but now with H compact. Choose t as in Proposition
6.1.3 (so T = 0). We know already that (G, H) is a (generalized) Gelfand pair. It
can also be checked that the criterion (Corollary 8.3.4) applies.

Let (G, H) be a generalized Gelfand pair and # an invariant Hilbert subspace
of D'(G/H), with reproducing distribution 7" given by

(T, @) = (§x, m—00(®0)éx)-

For any Ad(H )-invariant D € U(g.) one clearly gets n_oo(D)&; = A&, for
some complex scalar A. Then one easily get that T is an eigendistribution for all
left G- and right H -invariant differential operators D on G.

Here is a result of a practical nature. Compare it with Lemma 6.2.3.

Proposition 8.3.5. Let w be a unitary representation of G on J that can be real-
ized on D'(G/H). If dim J(’FOO = 1 then 7 is irreducible.

Let A € End(J) commute with 7(G). Clearly, A and A* leave # invariant and are also
continuous linear operators with respect to the topology of #,. So A acts on H_o as a
continuous operator, commuting with 7_.,(G). Hence A leaves # floo invariant, and thus
acts as a scalar A there. We now have

AT _oo(90) a = T—co(po)Aa = A T_co(go) a

for all po € D(G), a € . hence A = AI, because all a € HH

o @ 7 0 are cyclic.
Schur’s lemma now implies that 7 is irreducible.

Some results on the Bochner-Schwartz—Godement theorem

(1) Theorem (Bochner—Schwartz, see [43, p. 276]). A distribution T on R” is
positive-definite if and only if it is the Fourier transform of a positive tempered
measure [L:

()= [ T dut) e DE"),

where ¥ denotes the Euclidean Fourier transform on R".
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(2) A similar statement for Fourier series is easily shown, since any distribution on
T (or T™) is compactly supported. If T is positive-definite and a, = (T, e>7!"*),
then {a,} is a tempered sequence and a, > 0 for all n. The converse is clear.
(3) The Bochner—Schwartz—Godement theorem for the Euclidean motion group
G = SO(n) x R” reads as follows.

Let T be an SO(n)-invariant, radial, positive-definite distribution on R”, then
we have

(T.p) = /0 (55" du(s)

with p an even, positive, tempered measure on R, and conversely. This follows
easily from Section 7.1.

(4) For the case (SO¢(1,n),SO(n)) we have to introduce complicated spaces like
8(G), the Schwartz space of G = SOg(1, n), which is outside the scope of this
book.

8.4 Invariant Hilbert subspaces of L*(G/H)

We keep the notation of the previous section, but for the time being (G, H) need
not be a generalized Gelfand pair. Let 7w be a unitary representation of G on a
Hilbert space # that can be realized on an invariant Hilbert subspace of D'(G/H),
and let j : # — D’(G/H) be the corresponding injection. Define &, T', j* as
before. Let ¢ € D(G/H) and g € D(G) be related as in (8.2.1).

Proposition 8.4.1. The following conditions are equivalent:
(i) j(H#) C L*(G/H).
(ii) There exists a constant ¢ > 0 such that, for all o9 € D(G),

(T, @0 * ¢o)| < cllgl3.

(i) = (ii). The mapping j : # — L?(G/H) is closed and everywhere defined on J#,
hence continuous by the closed graph theorem. This implies that j* : D(G/H) — # is
continuous in the L2-topology of D(G/H), so (ii) follows.

(ii)) = (i). Clearly, (ii) implies that j* is continuous with respect to the L2-topology
on D(G/H). Write (j*¢,v) = (¢, jv) with ¢ € D(G/H), v € J, and observe that
jv € L2(G/H), and hence j(#) C L?>(G/H).

Observe that condition (i) implies that j, considered as a mapping from F# to
L?*(G/H), is continuous. We shall say that 7 belongs to the relative discrete series
of G (with respect to H) if r is irreducible and satisfies condition (i), i.e. if 7 can
be realized on a Hilbert subspace of L2(G/H). We shall occasionally use the
terminology: m is square-integrable mod H .
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Proposition 8.4.2. Let  be an irreducible unitary representation of G on # that
can be realized on an invariant Hilbert subspace of D'(G/H). Let j : X —
D’(G/H) be the corresponding G -equivariant injection. The following statements
are equivalent:

(i) 7 is square-integrable mod H .
(i) j(H#) is a closed linear subspace of L>(G/H).
(iii) j(v) € L2(G/H) for at least one non-zero element v € K.

It is sufficient to prove the implication (iii) = (ii). Let V = {w € # : j(w) € L?>(G/H))}.
Clearly, V is a G-stable and non-zero linear subspace of J, hence dense in /. Now ob-
serve that j : V — L2(G/H) is a closed linear operator: if wy — w (wx € V,w € #)
and jwy — f in L?(G/H), then obviously jw € D'(G/H) is equal to f as a distri-
bution. Polar decomposition of j and applying Schur’s lemma yields: j can be extended
to a continuous linear operator # — L2(G/H) (a scalar times a partial isometry) with
closed image.

Remark 8.4.3. It also follows that there is a constant ¢ > 0 such that || jv]|, =
¢ ||v| forall v € #.

One has the following orthogonality relations.

Proposition 8.4.4. Let 7, &’ be irreducible unitary representations on ¥ and J’
respectively, both belonging to the relative discrete series. Define T, T' and &,E5/
as usual. Then one has:

(1) fG/H(n(x_l)v,éﬂ) (' (x~ D' Epydx = 0forallv € Hoo, V' € H, if 10

is not equivalent to 7’

(ii) There exists a constant dy > 0, only depending on T, such that
[ ) TG T B dx = (o)
G/H

forall v,V € Hoo.

Consider the invariant sesqui-linear form on Hoo x H., given by
) = [ () GG B d
G/H

This form is continuous with respect to the topology on # x J’, so there is a bounded
linear operator A : J — J¢’, commuting with the G-action, such that (v, v’) = (Av,v’)
(v € Hoo. V' € H.), 30 A = 0in case (i). In case (ii), A4 is a positive (non-zero) scalar,
say d 1, by Schur’s lemma. The “only” dependency of d, on T follows from the formula:
177 *@oll3 = dz" 17 *@oll*, s0 lgo * T3 = d (T, @o * o) for all gy € D(G).
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Remark 8.4.5. Observe that || jv|, = d;l/z [lv|| for all v € Hoo. So the constant
¢ in Remark 8.4.3 is equal to d;l 2,

The constant d;; is called the formal degree of m. It depends on the choice of
j (or T'). Once a canonical choice of j (or T') is possible, d; has a more realistic
meaning.

Special cases
1. The group case: G x G/ diag(G x G)

We begin with some elementary functional analysis on Hilbert—Schmidt and trace-
class operators on a Hilbert space (see [36, p. 99]).

Let # be a separable Hilbert space and let End(#), as usual, denote the set of
continuous linear operators on .

Lemma 8.4.6. Let {¢;} and { fi.} be complete orthonormal sets in #. Given A €
End(#), set

Te(A) = |lAej|. Tr(d) = lAfl?
Jj=1 k=1

(0 < To(A), Ty (A) < 00). Then we have Te(A) = To(A*) = Ty (A).
Observe that

T.(A) =) 4¢P =) (Z |(4e; ] fk)|2)
j=1

Jj=1 \k=1

= Z(Z |(A*fk|e,-)|2) = T (4").
k=1

J=1
Therefore T (A) = T, (A*) and T, (A*) = Tr(A).

Definition 8.4.7. The operator A € End(#) is called a Hilbert—Schmidt operator
if Z;’;l | Aej||? < oo for some complete orthonormal set {e;} in J¢. We set

o0
l4llfs = > l14ej 1.
j=1
and call || A||gs the Hilbert—-Schmidt norm of A.

By Lemma 8.4.6, the definition of the Hilbert—Schmidt norm does not depend
on the particular choice of the set {e;}. We list here a few properties of Hilbert—
Schmidt operators.
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Proposition 8.4.8. (a) ||A| < ||A|lus for all Hilbert—Schmidt operators A.
(b) Hilbert—Schmidt operators are compact operators.
(¢) The set of all Hilbert—Schmidt operators is a two-sided *-ideal in the algebra
End(#).
(@ AT las < |AllaslIT|| and ||TAllus < T ||| Allas for all Hilbert—Schmidt
operators A and all T € End(JH).

Definition 8.4.9. A € End(K) is called a trace-class operator if A is a finite sum
of operators of the form BC, where B and C are Hilbert—Schmidt operators.

Lemma 8.4.10. Let A be a trace-class operator. Then A can be written as a finite
sum
A= AT A,
J

where the A; are Hilbert—Schmidt operators and the c; are complex scalars.

This follows from the relation
4A4*B = [(A+ B)*(A+ B) — (A — B)*(A — B)]
—i[(A+iB)*(A+iB)—(A—iB)*"(A—iB)]
for A, B € End(J).

Let A be of trace-class. By Lemma 8.4.10, the series

o0
> (Ae;|ei)
i=1
is absolutely convergent and its sum does not depend on the particular choice of
the complete orthonormal set {e¢;}. We call this sum the trace of A and denote it
by tr A.
We list here some properties of trace-class operators and their trace.

Proposition 8.4.11. (a) The set J of operators of trace-class is a two-sided *-
ideal in End(#). The positive operators in J generate J as a vector space
over C.

(b) The functional tr is linear on J. Furthermore, given A € J and T € End(#),
one hastt TA = tr AT.

Property (b) is easily shown as follows. Obviously tr UAU ~! = tr A for unitary opera-
tors U. Hence tr AU = tr UA for unitary U. Now let T € End(#). For the proof we
may assume that 7' is self-adjoint and —1 < T < [, where [ is the identity operator.
Then we can write 7 = %(U + U*), where U = T + i(I — T?)/2 is unitary. Therefore
tr AT =trTA.
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Examples of Hilbert—Schmidt operators and trace-class operators are given by
kernel operators. We mention here two theorems, without proof.

Let X be a locally compact space, satisfying the second axiom of countability
and y a positive measure on X. Set # = L?(X, u).

Theorem 8.4.12 (E. Schmidt). Suppose A is a kernel operator on H with kernel
Ax,y) e L2(X x X, un @ ), i.e.

Af(x) = /X ACey) fFO) ) (f < de).

Then A is a Hilbert—Schmidt operator and

2 2
41s = [ [ 1460 diat) i)
X JX
The proof of this theorem is straightforward and is left to the reader.

Theorem 8.4.13 (J. Mercer, [36, p. 117] or [60, p. 536, Theorem 4]). Assume that
Supppu = X. Let A be a positive operator in End(H#) with a continuous kernel
A(x,y). Then A is of trace-class if and only if A(x,x) € LY(X, ). This being
the case, one has

trA=/ A(x, x) du(x).
X

Let now G be as usual and let v be a unitary representation of G on a separable
Hilbert subspace #. We shall say that & has a character if w(¢o) is of trace class
for all 99 € D(G). The linear form

O : @o = trm(¢o)

on D(G) is called the character of 7. Fixing a complete orthonormal set {e; } in
J¢, we obtain

Orp) = lim_ [ pox) () dx

where y,(x) = " (7(x) ¢;| ¢;). Consequently O is the pointwise limit of the
sequence of distributions y,, and thus, since D(G) is a barrelled locally convex
space, by the closed graph theorem, a distribution (cf. [4, Chapter 3] or [43]).
Notice that the character of 7 already exists as soon as 7 (¢g) is a Hilbert—Schmidt
operator for all o9 € D(G). This follows immediately from the decomposition
lemma (Lemma 8.1.1 (a)).

We now return to our special case. Let G be as usual and set G = G; x Gy
and H = diag(G). Let & be an irreducible unitary representation of G. Then 7z
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can be realized on a Hilbert subspace of D'(G/H) = D’(G) if 7 is of the form
7r1(§>271_1 where 77 is an irreducible unitary representation of G on J{; whose
character @, exists [26]. The converse is also true if G is a type I group (the
groups of our examples are all type I groups) [26]. Actually, the reproducing
distribution 7" associated with 7 can be taken equal to ®5,. This is a canonical
choice. The injection j : #1®, #1 — D’(G1) has the form

jv @ w)(x) = (r(x " Hv|w) (x € Giiv,w € Hy).

In this case Propositions 8.4.2 and 8.4.4 yield the well-known properties of square-
integrable representations of G. In fact, if 7 is square-integrable mod diag(G),
then 7 = m1®, 71 (G of type I) with 7 a square-integrable representation of
Gy (mod H, with H = {e}), see [2]. The converse is also true. Recall that any
square-integrable representation of G has a character ([2, Section 5.2.3], applying
the decomposition lemma).

2. The case H normal

Consider now the case of a pair (G, H) with H a normal subgroup. Given an
irreducible unitary representation of G on a Hilbert space #, the space # floo is
a closed subspace of H_o, which is G-invariant, and hence, since 7w_ is irre-
ducible, either zero or the whole space. In the latter case the restriction of m to
H is the identity representation on #, hence 7 can be regarded as an irreducible
unitary representation of the group G/H. Let us call this representation 7. We
may conclude: there is a one-to-one correspondence between irreducible unitary
representations 7 of the group G/H and irreducible unitary representations 7 of G
which can be realized on D’(G/H) by left translations. If 7 is square-integrable,
then 7 is square-integrable mod H and conversely.

We now continue the general theory. Let us assume that (G, H) is a generalized
Gelfand pair. Denote by E»(G/H) the set of equivalence classes of (irreducible)
square-integrable representations mod H. Fix a representation 7 in each class,
together with its realization j, on a Hilbert subspace of L?(G/H), and call this
set of representations S. Denote by T, the reproducing distribution and by d
the formal degree of 7. Let J¢;; be the representation space of . Define #,; =
@D jr(Hxz) and let E be the orthogonal projection of L2(G/H) onto #;. Then
one has the following (partial) Plancherel formula for the relative discrete series.

Proposition 8.4.14. For all o9 € D(G) one has

IE@I3 =" dn (Tw. %0 * ¢0).

resS
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Notice that E¢ € C*°(G/H) for all ¢ € D(G/H) (apply, for instance, the
decomposition lemma). So the formula in Proposition 8.4.15 is equivalent to

(E@)(eH) =Y dx (Tw.g0) (90 € D(G)).

weS

The above formulae do not depend on the particular choice of the set S. Indeed,
dy T is independent of the particular choice of 7 in its equivalence class and of
the choice of j. In fact, dx (T, Po*¢o) = || Ex¢l|3, where Ey is the orthogonal
projection of L2(G/H ) onto j (#). Choose therefore an orthonormal basis {e; }
in #5. Then {d,y2 j(e;i)} is an orthonormal basis for j, (#) and

||En<p||2—2dﬂ|fel|<p Zd (eil j* )2

=dx|j (P”z: drn (Tr. Qo * @o).

We shall now apply our theory, developed so far, to the two cases mentioned
at the beginning: G = O(1,n) x R**!, H = O(1,n) and G = O(1,n), H =
O(1,n — 1). Their Euclidean analogs were treated in Chapter 7. They gave rise to
classical Gelfand pairs and the decomposition of L.2(G/K) had no discrete series.
There exist however classical Gelfand pairs (G, K) admitting square-integrable
unitary representations mod K, or, equivalently, square-integrable positive-definite
spherical functions, even if G/K is not compact; see [30]. We shall see in the next
chapter that in the non-Euclidean example G = O(1,n), H = O(1,n — 1) square-
integrable representations mod H do occur in the decomposition of L?(G/H).



Chapter 9
Examples of Generalized Gelfand Pairs

Literature: [15], [28], [42].

9.1 Non-Euclidean motion groups

(i) Introduction

Let n > 1 be a natural number. The non-Euclidean motion group on R”*+! is the
semi-direct product
G =0(1,n) x R"*1,

where O(1, n) is the orthogonal group of the quadratic form

[x,¥] = Xoy0o —X1y1 — " — XnVn,

where x = (X9, X1,...,xz) and y = (Yo, V1, ..., yn) are elements of R”*1,

Set H = O(1, n). Notice that H, and therefore G, is not connected, it has four
connected components; the groups G and H are unimodular. Elements of G are
written as pairs ¢ = (h,a) with h € H,a € R**1. Such a pair has to be viewed
as the product of / and the translation over a, considered as operating on R 1,

g-x=h-x+a (x e R"Th, (9.1.1)

It is easily checked (see the Euclidean case in Section 7.1) that 6, defined by
O(h,a) = (h,—a), is a C*° involutive automorphism of G that leaves H fixed.
Observe that bi- H -invariant distributions on G are in one-to-one correspondence
with H-invariant distributions on R”*! (natural action of H), and that  in-
duces the action T — T for such distributions on R”*!, where symbolically
T(x) = T(—x). Since to positive-definite bi- H -invariant distributions on G cor-
respond H -invariant positive-definite distributions on R”*!, we may conclude
that T = T for such distributions and therefore, by Corollary 8.3.4, that (G, H)
is a generalized Gelfand pair.

(ii) Extremal measures

Let 8 (R"*1) denote the Schwartz space of R”*1, see [41], [43]. For ¢ € §(R"T1)
we define its Fourier transform by

o) = / o) e 2N gy (x e RPHY),
]Rn—i—l
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and, if T is a tempered distribution on R”*1, we set for ¢ € §(R"), (/7:,?’5) =
(T, @), thus defining the Fourier transform 7 of 7. We recall that ¢ + @ is an
isomorphism of §(R”T1) onto itself, so that 7' is again tempered if T is.

We are going to determine the extremal positive-definite H -invariant distribu-
tions 7 on R”*!. Recall that the Fourier transform of an H -invariant positive-
definite distribution 7 on R”*! is an H -invariant positive tempered measure on
R”*1. For invariant positive measures one has the following general result by
L. Schwartz ([42, pp. 75-76]).

Lemma 9.1.1. Let G be a group acting on a locally compact space X satisfying
the second axiom of countability, and let |1 be a positive measure on X, invariant
under G. If | is extremal under the measures with the same property, then the
support of W is the closure of a G-orbit.

We reproduce the proof by L. Schwartz in our words. Let S be the support of ;. Then
S is clearly a G-invariant set, since y is G-invariant. Assume @ # 0, s0 S # @#. We
have to show that S contains a_dense G-orbit. Take a point @ € S, and let V' be an
open neighbourhood of a. Set V = G-V = | ¢ei & - V. The open set V' has positive

measure, because otherwise a ¢ S. The complement CV of V has measure zero; if not,
the measure w could be multiplied by the characteristic function of cv and we would
obtain a G-invariant measure 1 < u that is not proportional to . Hence V=S almost
everywhere (a.e.). The point a has a countable basis of neighbourhoods V. Any Vn is
a.e. equal to S. The intersection (an is also a.e. equal to S. In other words: b € [ V

for almost all b € S. Leth € (| V,, then b € V for all n. The orbit b of b intersects
every Vy; so b intersects all neighbourhoods of a. Thus a € b (closure of b) for almost
all b. Let {ay} be a dense sequence i in S. For every k fixed, ay € b for almost all b eSs.
Since {ay} is a countable set, a; € b for all k, for almost all b € S. Consequently, b=5
for almost all b € S.

So, to determine the extremal, positive, H -invariant measures on Rt we
have to determine first the set of H-orbits. Set for x € R**1 O(x) = [x, x].
Then the H -orbits are given by

Ii={x:0(x)=t}(teR,t#0), To={x:0(x)=0,x#0}, {0}

Clearly, for ¢ > 0 the orbit I’y is isomorphic to O(1,n)/ O(n), whereas fort < 0
it is isomorphic to O(1,n)/ O(1,n — 1). In all these cases I'; carries an O(1, n)-
invariant measure, since O(1,n), O(1,n — 1) and O(n) are unimodular. Let us fix,
for the time being, such a measure for each ¢ # 0 and call it ;. Since I'; is a
closed subset of R”*!, we may consider 1, as a positive measure on R”*1 with
support I';. Indeed, define

we(po) = we (@),
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where ¢ is the restriction of ¢g € C, (R”“) to I';. We shall denote the extension
of 1, to a measure on all of R” ! again by j,; it is still H -invariant.

With a slight variation on Proposition 7.5.4, one obtains the following invariant
measure on I'g, which we call pp:

Ho(¥) = /K /0 VOk-EYAT2ddk (f e CoTy).  (9.12)

where K = O(1) x O(n) and £ = (1,0,...,0,1). Let now ¥ € 8(R**!) and
set for any natural number N, vy () = sup,cgn+1(1 + |x[?)Y | (x)|. Then
clearly

o] < v (¥) /0 (1 + 222N An243.

Choosing N large enough we see that for n > 2 the measure jto can be extended
to a (tempered) positive H -invariant measure on R”*! and that, moreover, the
support of (g is equal to the set {x : Q(x) = 0}. Let us call this extension g
again. If n = 1 then po obviously has no extension to R**1. So we will assume
from now on that n > 2.

Finally, the H -invariant measure with support in {0} is clearly the delta-function
8 at x = 0. We have the following lemma:

Lemma 9.1.2. Let u be an extremal, H -invariant, positive measure on the space
R"**1. Then p is either proportional to some ju; (t € R) or to 8.

By Lemma 9.1.1, u has support equal to the closure of some H -orbit, so equal to one of
the sets {Q(x) =t} (t € R) or to {0}. Restrict y to the orbit and call this restriction 71:

11(p) = p(eo),

where ¢ is a continuous function with compact support on the orbit and ¢y € C.(R"*1)
is any extension of ¢ to R**1. This is well-defined by Proposition 4.1.3. Then 11 = ¢ i,
for some t # 0, or i = ¢ jo or {1 = ¢ 8 for some positive scalar ¢. But then ;. = ¢ i, for
somet # 0,0r 4 = ¢§,0r u = cpo+c’S§ where ¢’ is another scalar. This scalar ¢’ must be
positive again. Indeed, setting for ¢ € C.(R"T1), g3 (x) = @(x/A) (x € R"T1 )} € R*),
we get by (9.1.2)
1o(@2) = A" peo(p)

and also 8(¢;) = 8(p) = ¢(0). Hence u(p;) = ¢ |A|" 1 io(p) +c’¢(0). Letnow A — 0.
Then we find ¢/ > 0. Since u is extremal, we then get that u is proportional to fto or to 5.

As for the converse of Lemma 9.1.2 we have:

Lemma 9.1.3. The positive, H -invariant measures ju; (t € R) and § are extremal
in the cone of the measures with the same properties.
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Let 1 be a positive, H -invariant measure on R”*1 with u < u, for some ¢ € R. Then,
if # # 0, we have, as above, that u is proportional to ;. Let now i < po. Then again,
as above, 4 = ¢ o + ¢’ with 0 < ¢ < 1, ¢/ > 0. By the same trick as in the proof of
Lemma 9.1.2 we get, for A € R*,

A" po(p) + ¢ @(0) < 1A' po()

for all ¢ € C.(R**1), ¢ > 0. Now let A tend to zero again and we obtain ¢’ < 0, hence
¢’ = 0, thus i = ¢ 119 and hence ji¢ is extremal. The measure § is clearly extremal.

(iii) Tempered extremal measures

Let again n > 2. We have already seen that j1¢ is a tempered measure on R?T1,
The same holds for ps, t # 0. This is easily seen from a concrete expression
for w;, which can be obtained in the same way as in Section 7.5, using hyperbolic
coordinates. We can take

o0
,ut((p)Z// pkay - 1'% eg) sinh ™' u dk du (t>0), (9.1.3)
K Jo

o0
ue(p) = / / olkay - t]"? en) cosh™  udkdu  (t <0) 9.1.4)
K Jo

for ¢ € C.(R"*1). Using the same method as for 119 we see that we have to show
that for # > O the following integral is finite for N sufficiently large:

o0
/ [1+¢2 sinh®u + D] sinh® ' u du.
0
Similarly for < 0. We get, taking v = sinh? u,
o
/ [1 4 (2 sinh? u + D] sinh ' u du
° 1 o0 n—2
= 5/ N+:tQu+ D™+ 1D)V207 dv
0
o0 n—3
< / 1420 ™M v 2 do
0
_n—1 o0 —N n—3
<@ / 1+ o]V "2 do < oo
0

if N > % So all u; are tempered, as is §. We now have

Theorem 9.1.4. The extremal, positive-definite, H-invariant distributions on R2+1
are, up to a positive scalar, given by the Fourier transform of the positive tempered
measures |y (t € R) and é.
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Indeed, any H -invariant positive tempered measure that is extremal in the cone of all such
measures, is also extremal in the cone of H -invariant positive measures.

The G-invariant Hilbert subspaces of R”*! (G acting by (9.1.1)) are given by
the spaces L2(Ji,;) and the trivial representation. The space L?(fi;) is the closure
of the space D(R”T1) with respect to the ‘norm’ Jrn+1 |@(x)|?>dus(x). Notice
that G acts irreducibly on these spaces.

Let [ be the differential operator on R”*! given by

02 92 92
O = + T

T T R
axg  Ox? ax2

Then O [i; = 42t Ji, for all t. Any H -invariant differential operator on R? 1 is
a polynomial in .

(iv) Plancherel formula

Let us normalize the measures iy as in (9.1.3) and (9.1.4). Then one has, using
hyperbolic coordinates,

ﬂ% o0 n—1
[ vmax=200 [ i ued wes@t. 019
R+l F(E) —o0
We leave the proof to the reader. So we easily get the following Plancherel formula.

Theorem 9.1.5. For all ¢ € D(R™*1) one has
0) pydx =27 [ 1" pue)d
_ _ 03 ‘.
% An+1¢x X F(%)/—oo He\@

(v) Class-one representations

We give here another realization of the irreducible unitary representations of G
which can be realized on D’(R”*1). They are, of course, determined up to unitary
equivalence. We call such representations class-one representations, similar to the
case of a classical Gelfand pair. We follow Section 7.1 (vi).

Let for y € R*T1, y,(x) = e~2milx.y] (x € R"+1) be a character of R" 1.
One immediately sees that yy (2! - x) = yp.y(x) forx € R"" h € H. So
H acts on the characters of R”*1. Let us denote by H,, the stabilizer of y in H,
which is a closed unimodular subgroup of H. Actually H/Hy, >~ H -y, the orbit
of y in R”*1. Observe that H-y = I'; witht = Q(y) or H -y = {0}. Choose the
H -invariant measure p; on H - y if Q(y) = ¢ (and § on {0}) and let it correspond
to an H -invariant measure d/; on H /H, via the mapping h +— h-y (h € H).
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We now define a unitary representation of G by inducing the representation
1 ® xy from H, x R"*1 to G. The Hilbert space V), consists of the measurable
functions f on G satisfying

@ f(ga) = xy(—a) f(g) (g€G, aeR"),
®) f(gh) = f(8) (g€ G.he Hy).
© oy, | F W2 < .

The squared Hilbert norm is given by | f[|? = [ H/H, | f(h)|>d h. The represen-
tation my is defined by

my(g) f(g) = flg7'g) (8.8 €G).

One verifies that 7y, is a unitary representation of G on V), called the representa-
tion induced by 1 ® yy. Clearly, g is the trivial representation of G.

Notice that any f € Vy is completely determined by its values on H. Transfer-
ring V), into a Hilbert space Vy of functions on H by just restricting the functions
in V, to H, yields a unitary representation on L?(H/Hy), again denoted by 7,
given by

y(h) f(h') = f(h™'R) (h,h' € H),
my(a) f(h') = xw.y(@) f(B')  (h' € H,a e R").
Now define the mapping j* : S(R"*1) — Vy as follows:

Jj* @)=V where y(h)=9(h-y)  (heH).
Then one easily verifies that j* has a dense image, is continuous and commutes

with the G-actions. So j = j** : Vy — S/(R"*1) gives the required G-
equivariant embedding of Vj, into D’(R”*1). Moreover, if y # 0,

||j*</>||2=/ |a(h-y>|2d/i=[ O dyar,
H/H, R7+1

so the reproducing distribution of ) is either ii; or the function identically 1.
Therefore we have, applying Propositions 8.2.2 and 8.2.3,

Theorem 9.1.6. (i) The unitary representations my (y € Rt induced by 1 ®
1y from Hy x R"*1 t0 G, are irreducible.

(ii) Two representations my and my are equivalent if and only if either y #*
0.y" #0and Q(y) = Q(y")ory = y' = 0.

(iii) The representations my (y € R*+1Y exhaust the set of irreducible unitary
representations of class one (up to equivalence).
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(vi) Exercise

We have excluded the case n = 1. Treat this case and examine also what becomes
different if we replace H by its connected component SOg (1, 1).

9.2 Pseudo-Riemannian real hyperbolic spaces

(i) Introduction
Forn € N,n > 2,1let G = O(1, n) be the orthogonal group of the quadratic form
[x,y] = —Xoyo + X1¥1 ++* + XnYn

where x = (X9, X1,...,X,) and y = (¥o, V1, ..., Vn) are elements of R*T1. Ob-
serve that we use here another definition of the quadratic form than in Sections 9.1
and 7.5. Let X = {x € R"T1 : [x,x] = 1}. It is again a one-sheeted hyperboloid.
The group G acts transitively on X. Let H = O(l,n — 1) be the stabilizer of
en = (0,...,0,1) in G and define the subgroups A, N, M as in Section 7.5 (ii):

cosht 0 sinh ¢
A=1a; = 0 I, 1 0 cteRy},
sinh ¢ 0 cosht

1 A A 1 1F
N=1<n=n,; = z In_1 —z czeRLY
slzl1? 21—z
1 00
M~0n-1)= 0/l 0):leO0Omn-1)
0 0 1
Let x = (x0,X1,...,X,) € X. There is an element k € K ~ O(1) x O(n) such
thatk - x = (x0,0,...,0,) where @® = x? 4+ -+ x2, a > 1. Then we can find
t € R with
as-en = (x0,0,...,0,).

So x = k~1a; - e, and therefore
G = KAH.

Let w be the matrix diag(—1,1,...,1) in K N H. Then wa;w™l = a_, for all
t € R. So we actually have

Proposition 9.2.1. The group G = O(1, n) can be written as
G=KA H,

where A" = {la;e A:t >0}
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Observe that in the expression x = ka; - e, the parameter ¢ is unique if we
assume ¢ > 0, and the parameter k is determined up to right multiplication by an
element of the subgroup M, provided ¢t > 0. To write down an explicit expression
for the invariant measure dx on X, we use hyperbolic coordinates again an get

/ f(x)dx— / f(kay - en) cosh” Yt dt dk 9.2.1)
X

F()

for f € C.(X). The measure dk on K is the normalized Haar measure. No-
tice that the normalizing constant has been chosen in such a way that for f €
C.(R"*1y with Supp f C {x : [x,x] > 0},

[ soay=[" [ seomasar

Compare these expressions with (7.5.1). Let us fix the Haar measures dg on G
and dh on H in such a way that dg = dx dh. Observe that we still have freedom
to select dg (or dh).

(ii) Iwasawa decomposition

Let E be the cone

8 ={§=(0.51.....6n) 1 [£.6] = 0, §o # 0.
Observe that G acts on 2. Set B = {§ € E : §, # 0}. Then we clearly have
B = HAE® U HA (—w) £°, where £° = (1,0,...,0, 1), both ‘cells’ being open
n E. Of course one also has, similar to Section 7.5 (ii),
E=KAEC.

The stabilizer of SO in G is the subgroup M N (see Section 7.5 (ii)). We have
G = KAN and Theorem 7.5.3 holds. Also Proposition 7.5.4 remains true in our
context.

Proposition 9.2.2. One can normalize the Haar measure dg of G in such a way
that, for all f € C.(G),

/ F(g)dg = / / Flkagns) ™D dzdrdk.
G K J—oco JR"—1

Let now f € C.(E). Then this proposition implies that

dA

pis e [ [T sk e S a

is a G-invariant measure on E. Here d k is again the normalized Haar measure on
K. Notice that the integral can actually be taken over K/M instead of K. Setting
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B = K -£% ~ K/M we might also write for the invariant measure y:

_ o n—lﬂ
pth = [ [ ranwt S o)

~

with do (b) the invariant (normalized) measure on B. We also have B = {£ € E :
£ = £1} and B ~ SO x §”~1 where S¥ is the unit sphere in R¥*1

(iii) The Laplace-Beltrami operator and its radial part

We define the Laplace—Beltrami (or Laplace) operator A on the space X as in
Section 7.5 (iii).

Let now g be the mapping ¢(x) = x/r defined on {x € R"*! : [x,x] > 0}
where r = [x, x]'/2. Then for any C® function F on X one has

—0O(Foq)=(AF)oq
where [0 = —% + % +-+ ;12%.
In a similar way we define the radial part L of A. Let Q : X — R be defined
by

Q('x()?xl’"'axn) = .Xn.

Then for any C*° function f on R we have

(Lf)oQ =A(f00).
We can compute L as before and we obtain

d? d
_ 2

Let now @ be the Casimir operator on G, see Section 7.5. Considering func-
tions on X as right- H -invariant functions on G, we easily see, similarly to Sec-
tion 7.5 (vii) (2), that w acts on C°°(X) as a real scalar times A. Moreover it
follows that A is a symmetric differential operator. Notice that L is symmetric
only if n = 2.

Actually we have v = wg on C°°(X) where wyq is defined as follows. Let 7 be
the involution on G (and so on its Lie algebra g) given by

7(g) = JogJo

where Jj is the diagonal matrix with entries (1, 1,...,1,—1). The £1 eigenspaces
of 7 in g are called §) and g. Clearly, } is the Lie algebra of H and g is given by
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the space of matrices of the form

0 0 0 =
0 0 0 —Z)
Z=7Zz1,....z2p) = | + : :
0 0 ... 0 —z,
Z1 Zp ... Zp 0
with zq,...,z, € R. Ttis easily checked that 7 and the Cartan involution 6 com-

mute. Sog = qN¥fdqNpanddimg Np = 1. Now choose an orthonormal
basis Z3,...,Z,ing N ¥ and Z; in g N p with respect to the form

(Y,Z) =—B(Y,02) (Y,Z eq)
where B is the Killing form of g, B(Y,Z) = (n — 1) tr YZ. Then
wg=—23——Z2+ 73

Observe that wq is not definite. Notice also that wg is Ad(H )-invariant, so that it
commutes with left and right translations over elements of H. It can be consid-
ered as a left-invariant differential operator on X. Follow now the reasoning from
Section 7.5 (vii) (2).

(iv) Spherical distributions

‘We start with a definition.

Definition 9.2.3. A spherical distribution on X is an H -invariant eigendistribution
of the Laplace—Beltrami operator A.

If F is a smooth function on R satisfying LF = AF where L is the radial
part of A, then f(x) = F(Q(x)) (x € X) satisfies Af = Af. We shall obtain
the spherical distributions by replacing F' by a distribution on R of a certain type,
which we shall make precise. For that purpose we apply results by Méthée, De
Rham and Tengstrand, which are discussed in detail in the Appendices. We shall
summarize the main results here.

For x # =+ e, the function Q has non-vanishing differential, so we can define
the average of a function f € D(X) over the surfaces {Q(x) = ¢} (¢ € R), that
we denote by My (¢). One has the formula

/ F(O®&)) f(x)dx = / F(t) My (1) dt 9.2.2)
X R

for all continuous function F on R.
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The function My admits singularities at 7 = +1. One has

My (1) = @1(t) + 0t — 1) 2(2) + n(—1 — 1) 3(¢) (9.2.3)
where ¢1, @2, 93 € D(R) and
) = {Y(z) t|"z>  ifnis odd,

log |¢| |t|% if n is even.

Here Y is the Heaviside function: Y(¢) = 1ift >0, Y(¢) = 0if t <O.

For simplicity of the presentation we shall restrict from now on to the case that
n is odd.

Call #, the linear space of functions of the form (9.2.3). We define a topol-
ogy on J; as in Appendices A and B; J¢; becomes a complete locally convex
topological vector space. We recall (see Appendix B):

Theorem 9.2.4. (a) The mapping M from D(X) to H, is linear, continuous and
surjective.

(b) The adjoint mapping M’ from ¥, to D'(X) is injective, continuous and has
as image the space of H -invariant distributions on X.

(¢) The mapping M’ intertwines the operators A and L, that is
AoM' =M'olL.
We now come to the main theorem of this subsection.

Theorem 9.2.5. Let Di (X)H be the space of H-invariant distributions T on X
satisfying AT = AT. Then dim D', (X)# =2 forall X € C.

A fundamental system of solutions of the differential equation AT = AT is
given by M’S) and M’'T), see Section B.4. We shall apply their explicit expres-
sions later on and then write down these expressions. For the moment, Theo-
rem 9.2.5 gives sufficient information.

We are now going to construct a fundamental system in another way, namely
from the point of view of representation theory, keeping in mind Section 8.2, The-
orem 8.2.1 in particular.

Theorem 9.2.4 also has another consequence, namely

Corollary 9.2.6. The pair (G, H) is a generalized Gelfand pair.

See [52]. Fix, as before, Haar measures dg on G and dh on H in such a way that dg =
dxdh. For f € D(G) set

£o00) = /H flghydh — (x=g-en).
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Given a bi- H -invariant distribution Ty on G, there is a unique H -invariant distribution T
on X satisfying (7o, f) = (T, f°) (f € D(G)), and conversely. This is a well-known
fact. Let us extend the function Q from X to G by setting Q(g) = QO(g-en) = [g-en, en]-

To show that (G, H) is a generalized Gelfand pair, we apply Proposition 8.3.3 with
JT =T (T € D'(X)). We have to show that T = T for all bi- H-invariant positive-
definite distributions 7 on G. Since T = T for such T, we shall show the following: for
any bi- H -invariant distribution 7 on G one has T = T. We recall the definition of 7°:

(T,f) = (T, f), fv(g) = f(g7)) (g € G, f € D(G)). In view of the relation between
bi- H -invariant distributions on G and H -invariant distributions on X, and because of
Theorem 9.2.4 (b), this amounts to the relation

My yo) = Mo

for all f € D(G). This is easily checked: for all F € D(R) one has
o0
| FOMg@ar= [ FQw) G s

=/H&@f®@=/F@®U®@,
G G

since Q(g) = 0(g™1) (g € G), and we get the result.

(v) Representations associated with the cone

The representations under consideration are also called principal series represen-
tations, see also Section 7.5 (vii), where we considered these representations for
the group SOg (1, 7). In our situation the definition is slightly different.

The stabilizer of the line R £° is equal to the subgroup P = M1 AN where
My = M U (—M). The group P is a so-called (minimal) parabolic subgroup of
G. Recall that G acts transitively on E and Stab&® = MN,s0o E ~ G/MN. In
(ii) we have also defined a G-invariant measure @ on E.

The representations we are considering are representations induced by one-
dimensional representations of P.

Lets € C, ¢ = 0,1 and define s to be the space of C* functions f on G
satisfying

f(xmagn) = sgn®[mg°, e e“™P" f(x)
where x € G,m € My,n € N,t € Rand p = (n — 1)/2 (as usual). Let 75, be
the representation of G on J; ¢ defined by

m56(8) f(x) = fg7'x), ge€G.

We may also realize 75 on a space of C° functions on E, called Hs(E), de-
fined by

Hs,e(B) ={f € CF(E): f(AE) =sgn A[A]"77 f(§) for A #£ 0, § € E}.
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In addition, setting B = K£°, so B ~ K/M, we can, by restricting functions on

8 to B consider #;¢(2) as a space of C*° functions on B, satistying f(b) =

f(=b)ife =0, f(b) = —f(—b) if e = 1. We shall denote this space by D.(B).
Let us define the linear form £ on #_, o as in Section 7.5 (v):

0f) = /B £(b) do(b).

This form is again G-invariant (same proof).
Denote by (, ), the bilinear form on s x #H_s ¢ defined by

(fghae = [ 1B 5B doo)
This form is continuous, non-degenerate and G-invariant:

(ns,s(x)fv n—s,e(x)g)s,s = (/. g)s,e (x € G),

as follows from the invariance of £.
If s is imaginary, say s = iv with v € R, then #; = #;, ¢ can be provided
with a pre-Hilbert space structure with squared norm

If1? = /B S B)P do(b).

and 7;, ¢(x) is then unitary for all x € G. Completing the space #;, ¢ and extend-
ing 7y ¢(x) to this completion gives a unitary representation on a Hilbert space,
which we again denote by 7y 6.

For general s € C, J ¢ is a Fréchet space with the natural topology induced
by C°°(B) and 7y ¢ is a (continuous) representation on this space.

To study the (ir)reducibility of the representations g, one may follow Sec-
tion 7.5 and derive Corollary 7.5.12 again for 75 ¢ (¢ = 0, 1). For a more detailed
analysis of the reducible representations at s = £ (p + k), k € N, see [32]. We
do not need it here. See however (xiv).

The bilinear form (, ), on Hs ¢ X H_ ¢ permits to consider s . as a subspace
of the dual of #_; ,; we shall therefore denote by J€§,€(E) the dual of H_; ¢ (E),
so that H; (8) C J(’S/’E(E). In particular, a continuous function F on E satisfying

FA§) = sgn® A AP F(§) (A #0.§€E)

defines an element of Jg (E):

fis /B F(b) f(b) do(b).

A main point is the computation of the action of the Casimir operator @ on #; ..
It turns out that w acts as a scalar.
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Proposition 9.2.7. For all s € C and ¢ = 0, 1 one has

s2 = p?

2n —2

ns,s(w) = I,

where I is the identity on H .

Recall the definition of w: @w = Zf:l Xi X/ where Xi,..., Xy is a basis of g and
X{,..., X the dual basis with respect to the Killing form B(X,Y) = (n — ) tr XY

We are going to select a special basis relative to the Lie algebras a of A, mt of M, nt of
N,Buof ON. Observethatg =m +a+u+0n,m=¥Nh, a=qgNp,a=RL with

0 O 1
L={0 0,1 O
1 0 O

The Lie algebra 1t consists of the matrices

0 z¢ 0
Nzy=|z 0 -z (z e R™ .
0 z¢ 0
Notice thatn C hNp+ g NE.

Select a basis Ny, ..., N,—1 of n such that

0 if i ,

B(N,-,GN,-)={ A

—5 ifi =

Take for example N; = N(e;) up to a normalizing factor, where e; is the i-th unit vector
inR"™!,
Then we have that
*—Ny+6Ny,...,—Np—1 + ON,_1 is an orthonormal basis of § N p:
0 ifi #j,
B(—=N; + 6N;,—N; + 0N;) = . 7&]
1 ifi =,
and

* Ny +60Ny,...,Ny—1 + ON,_; is an anti-orthonormal basis of g N £:

0 if i ,
B(N; + ON;,N; + ON;) = . .#]‘
-1 ifi =
Let Y7, ...,Y,, be an anti-orthonormal basis of n:
0 ifi ,
By =10 MFJ
-1 ifi =j.
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Then
L2 n—1
© = 0= )+Z{ (Nj + ON;)? + (— N,+9N)}—ZY2
=1 Jj=1
_ ZZ{QN Nj + N; - 6N;} — ZYZ
2(n—1) =
L2

ST 4291\/, N; — ZZ[NJ,GN, ZYZ

j=1 j=1

It is easily seen that the Lie algebra bracket [N;, ON;] equals for all j. So we

finally get

_2(n—l)

1 n—1 m

Ty {L*>+2pL} —4) 6ON;-N; = Y Y7 (9.2.4)
j=1 j=

Now it follows, considering L, N;, ON;, Y; as left-invariant differential operators, that for
f € Hs e we have

@f)(g) = —— (L7 + 2pL} f(g)

w =

2(n —1)
1 d? d
=2-D {W + PE} f(gar)|i=o
1 qa? d\ (- 5% —
= 50— Ve T2 @0 = 50 " o) (ce6).

Remark 9.2.8. It is now easy to connect wgq and A as differential operators on
X. We know that A = ¢ wq for some constant ¢. To determine it, consider the
function f(x,&) = [x,&] on X x E. This function is G-invariant: f(gx, g§) =
f(x,§) for all g € G. As a function of x we know that Ay f(x,§) = 2p +
1) f(x,§&), see Section 7.5. But

Axf(x.§) = cox f(x.§) = cog f(x.§) = 2= )(2/0+1)f(x .£)

since § = f(x,§)isin Hyq1,0.
So ¢ = 2(n—1). Here we considered w as a right-invariant differential operator
on X and E

(vi) Spherical distributions associated with the representations ¢

For Res > p we define continuous linear forms Fy ¢ on #_; ¢(Z) by

(Fye. f) = /B sen[b. en] |- eall”™ £ (b)do (b).

So Fg,e € H; . and moreover rg (h) Fy e = Fse forallh € H.
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For any real number x we shall write from now on x%¢ = |x|® sgn® x where
seCande=0,1.

Proposition 9.2.9. If f is a function in H_; ¢(2), then the integral

Zoo(f) = L b, enl P £(b) do (b)

is defined for Res > p, is an analytic function of s and admits a meromorphic
extension to C with at most simple poles ats = p—2k — 1 — ¢ (k > 0).

One has Z;.(f) = fS”—l on P° fi(o)do with fi(o) = %{f(l,a) + f(-1,0)}.
Clearly, o, can be taken as coordinate near any point of $”~! with g,, = 0. The proposi-
tion now follows from a classical result [17].

For Res > p and for a function f in #_; ¢(Z2) set

1
S,& = T 111 b,ns_p’g b)do(b).
e (f) F(s_p;m)/B[ el 7% f(b) do(b)

By Proposition 9.2.9 above, the function s — u ¢( f) has an entire analytic exten-
sion to all of C and one shows that for all s € C, us.. € Hg (E) with, moreover,

T[_s,‘,(-,‘(h) Us,e = Use

for all 7 € H. Observe that

/ 1 — S—p,&
)t ) = iy /B [ b, en 7% £(b) do(b)

1
=———— [ [b,g-en]* "° f(b)do(b).
F(S_p;m)fB[ ¢ en’P% f(b)do(b)
Let ¢ € D(G). Then we have

s s 1) = [ o)) (1) 0(0)
g J, Jy el
= ——oFiTe [b.g-enl’™"* f(b) p(g)do(b)dg.
F(s p—‘,2-1+8) cJa n
which shows that 77 (¢) us,e is an element of #; ((E) given by

/ 1 —p
s5,€ = ool Y dg.
[705,6(@) Us,6 1(5) F(s_p;m)/G[E g - enl p(g)dg

We leave the proof to the reader (for Re s > p this is clear; for other s use analytic
continuation).
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Definition 9.2.10. The distribution {; . is the anti-linear form on D(G) defined by

Cs,ee) = (ﬂé,s(@p) Usye, U—s,c).

Proposition 9.2.11. The distribution (s ¢ is a spherical distribution:
* (¢ is bi-H -invariant,

e A é's,s = (32 - pz) é's,s-

It is instructive to compare the construction of s with the construction of the
spherical functions in the Riemannian case, see Section 7.5.

We know by Theorem 9.2.5 that dim DA(X)H = 2. Notice that {5 and {_ ¢
(¢ = 0,1) belong to DA(X)H for A = s2 — p?. We shall show later on that
Cs,e = C—s,e. Notice that =141 € O(l,n) and L_j, ,,{se = (—1)%Cs.e, so that
{s,0 and {s,1 span D} (X YH provided both do not vanish.

(vii) Intertwining operators

Let f be a function in #_; ((E) and set

Wya(f) = /B [£0. P £(b) do (b).

Theorem 9.2.12. The integral Wy ¢( f) exists for Res > 0 and is holomorphic in
this region. It can be meromorphically extended to the complex plane with at most
simple poles in —N. The mapping f +— Ws(f) is a continuous linear form on
D¢(B) fors ¢ —N.

In Section 7.5 (vi) we have computed Wj o(1), which exists for Res > 0. Hence W, .(f)
exists for Res > 0, and is clearly holomorphic there. Identifying B = K£° with §° x
S7~1 where S = {1}, the function Fy(c) = [£°,0] = 1 — 0, (0 € ") vanishes
at 0, = 1, so at £°. This point turns out to be a non-degenerate critical point of F
with signature (0,n — 1). Similar observations hold for F_(c) = —1 — g,,. Observe that
Fi >0, F~ <0. Applying now Morse’s lemma and [17], the theorem follows.

Recall from Section 7.5 (vi) that

Wyo(1) = 25TP~1

For f € H_;¢(E) set

1

(As,ef)(g) = W, 0(1)

/ [£. 517 £(b) db.
B
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Theorem 9.2.13. (a) As a function of s, (As.¢ f)(&) is a holomorphic function for
Res > 0, that admits a meromorphic extension to C with at most simple poles

in —p — N.

(b) If s ¢ —p — N, the function As ¢ f is in Hs(E) and the mapping Ase :
H_s5,e = Hs ¢ is continuous.

(¢c) The operator A ¢ intertwines the representations w—_g ¢ and g g, that is
As,s OTl—g,e = Ts,e © As,s-

According to Theorem 9.2.12 the mapping s +— W; . defined for Res > 0 with values
in D’(B) has a meromorphic extension and the operator A;, may be regarded as the
convolution with the linear form VVS,O(I)_1 Ws.e on the group K, so A f € Hs,(E) for
any f € H_s.(8) and Ay, : H_se — Hs, is continuous. Property (c) is easily checked
for Res > 0, and hence it is valid for all s ¢ —p — N by analytic continuation.

(viii) Diagonalization of the intertwining operators

We may consider the intertwining operators A ¢ as acting on D.(B), the space
of C® functions f on B satisfying f(—b) = (—1)® f(b). Observe that B ~
S0 x §7~1 where S = {—1, 1}. The structure of the O(n)-action on L?(S*~1),
being a closed subspace of L2(B), is well known from Section 7.3. Since its de-
composition into O(n)-irreducible subspaces is multiplicity free, and since Ay ¢
commutes with the action of O(n), A, ¢ acts as a scalar on each irreducible com-
ponent of L2(S*~1).

As in Section 7.3, let us write L2(S"* 1) = D12 Hi, where H is the space
of harmonic polynomials on R”, homogeneous of degree /, restricted to S,
Clearly, D (B) is now spanned (in the C *° topology) by the spaces ¥; ,, = o* #;
with [ +m = & (mod 2). Actually, it is sufficient to consider m = 0 and m = 1
only. To determine the scalar action of A, on each ¥, ,, we introduce a special
differential operator on D¢(B), namely

mse(L) = E =0 Trs,e(ar).
This operator commutes with the action of the subgroup M ~ O(n—1). Soif f is
a function on Dg(B) invariant under the action of O(n — 1), then the same is true
for w5 (L) f. A function in D(B), invariant under the action of M, depends only
on the variables o and o, of S® and §”~! respectively. Notice that g = £1. We
shall write down the differential operator associated with 75 ¢(L) acting on such
functions.
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Lemma 9.2.14. For a function [ in D(B), invariant under O(n — 1), one has

af

”s,s(L)f (s —p)ooon f + oo(1 — 0y,

Write a_tk = lay,n according to the Iwasawa decomposition. Here k,l € K,n € N and
u,t € R. Set [ken.,e,] = 0, [keo, 0] = 00, [len, en] = 0,, [leo. e0] = 0. We have to
determine o) and o,, in terms of ¢, 09 and oy,.

Starting from a_,k£% = e*1£° we get

(1) [a—(kE®, en] = " [I£°, en],
(2) [a—(kE®, o] = e [IE°, eq),
and hence
(1) sinht gg + cosht o, = e* 0,
(2) cosht oy + sinht 0, = e* 0.
From (2)" we may conclude that 09 = 0y, and then
e = o¢ (cosht g + sinht a;,).

Soif f is M-invariant (only depending on ¢ and o, ), we have to compute

inh ¢ ht
[oo (cosht og + sinht 0,)]* ™" f (00, SInh7 0 + coSh? o ) .

dt lt=o og(cosht gy + sinht 0y)

The result then follows easily.

The O(n — 1)-invariant functions in J¢; are proportional to the Gegenbauer poly-
n—2

nomials C, 2 Set

n—2
w1,m (00,0n) = 03" C; > (0n).

We recall two relations for Gegenbauer polynomials C l’l (see[13,3.15.2 (27-30))),
that can easily be derived from other relations for the C IA.

Ay I+l A 2A41—1 A
@ zCP () = 5530 €51 ) + So 6 (9)s

(b) (1 -2 £CHz) = @A+ DzCHz) = (L + DCH, (2).
One clearly has

Ts,e(L) opm = ay ,L(S) Ol 4+1,m+1 +al m D (s) wr 1m+1s
where

(1) [+1
= —-—p—-0)—— 2.
a,,m<s) st 925)

n—3+1

-1)

(9.2.6)
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The operator Ay ¢ acts on Y ,, as a scalar «; ,,, (s) and one also has
As,s o ﬂ—s,e(L) = ﬂs,e(L) o As,s,
which implies
alV (—s) (s) = g, (s) alV (s) 9.2.7)
I,m I+1,m+1 — &l m 1,m\»/) L

af ) (=) 11 () = () ap,) (s). 92.8)

So, if s — p is not an integer, (9.2.7) determines the row o, (s) (since ag,o(s) =
@o,1(s) = 1) and hence determines Ay . The same holds for (9.2.8). This yields
the following theorem.

Theorem 9.2.15. The eigenvalues o, (s) of the operator As ¢ are given by

where Q is the polynomial defined by

l
0i)=[Je+s+j-1 @=0.
j=1
If s — p is not an integer, then

al,m(_s) = al,m(s)_1

and thus Ay, 0 A5 = I on Dg(B). This can also be shown directly by using
Schur’s lemma and applying the irreducibility of g ¢ for such values of s.

Notice that al(lrzl, af_ml), @] , are independent of the parameter .

(ix) Fourier transform

Let ¢g be a function in D(G). In paragraph (vi) we have seen that the distribution
né’g (po) us,¢ is an element of H; () given by

! 1 S—p,&
$,& = Tl ia._ , g €p ’ dg.
(75 ¢ (®0) Us,e] (§) piTEe) /G[E g-en]” "fpo(g) dg

I'(
This function depends only on the function ¢ in D(X) defined by

o(x) = /H oo(ghydh  (x = g-en).

since

/ 1 S—pP,&
o) 0 6) = /X (£, "4 p(x) dox.

(
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We define:
Definition 9.2.16. Let ¢ be a function in D(X). The Fourier transform of ¢ is the
function ¢ defined on E x C x {0, 1} by

7 1 §—p,&
@&, s,8) = F(T_,z_l_,_s)/x[é,x] PEp(x)dx.

This expression is perfectly well-defined for Res > p; for other s we apply
analytic continuation.

Proposition 9.2.17. The Fourier transform ¢ of ¢ € D(X) has the following prop-
erties:

(a) ¢(&,s,¢) is an entire function of s,
(b) ¢(&,s,¢) is a C* function of & and belongs to Hs ¢(E),

(c) the Fourier transform commutes with the G-action, that is
(Lg(/))A(w s, 8) = ns,&‘(g)[a('? s, 8)]

forall g € G,
(d) the Laplace—Beltrami operator satisfies

Ag(E,s,8) = (52— pP) B(E, 5, €).

Let us return to the spherical distributions (s ¢, which may be regarded as H -
invariant distributions on X. We may write

Lse(9) = (@5, 8), U—ysz),

so for Res < —p,

1 ~
=— | @o(b,s,e)[b,ey] "% db.
8s,6(9) F(_s_p;_1+8) /;3‘/’( ) [b, en]

(x) Fourier transform of K -finite functions

According to Proposition 9.2.1 any x € X can be written as
x =ka; - ey (ke K,t>0).

This expression depends only on the class kM where M is, as before, the central-
izer of A in K, stabilizing e, (for t = 0 we have to choose O(1) x M).
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Because B >~ K/M we may parametrize X by [0, c0) x B. In this coordinate
system the invariant measure dx on X is given by (see (1))

dx =

4 n
NG| A(t)dtdb,

with A(z) = cosh” ™! ¢. We shall also need the Laplace—Beltrami operator in these
coordinates. Here we use again that B ~ S% x S”~! and invoke the Laplacian
on S”1, see Section 7.3 (v). One has:

Lemma 9.2.18. In the coordinates of [0, o0) x B on X the Laplace—Beltrami op-
erator A is given by

af 1
f_rt)§< O % ) cosh? ¢

The proof of this lemma, which the reader may postpone to a later occasion, can be given
along two lines, the differential geometric one (see, e.g., [21]) or the Lie algebra theoretic
one. We shall follow the Lie algebra approach.

We return to the notations used in the proof of Proposition 9.2.7. First let Z € g and
x € X. We define the following directional derivative of f € C*°(X) at x:

(Zf)(x) = | _of(ka;expsZ - ey),

if x = ka; - e,. This definition depends on the choice of k, so we will write Z instead
of Z for the time being. If also x = k’a; - ey, then k' = km for some m € M, so
Zi = (Ad(m)Z).. We also define Z,% as

d2
(ZFf)(x) = FL:of(ka’ expsZ - ey).

Clearly, Z2, = (Ad(m)Z)? e
Write
n—1 5 L2
=— N; + ON; _—
k ;( it f)k+2(n—1)

This operator does not depend on the choice of k anymore, since it is M -invariant, and we
just write wr = wy. It is precisely the operator wq taken at the point x. Call

Yj=Nj+9Nj and YJ-/ZNJ'—QNJ' G=1,....,n—=1).

Observe that the Y; span g N ¥, whereas the Y j’ span §) N p. One obviously has
Ad(a;)Y; = cosht Y; + sinht Y7,
Ad(a,)Y; = sinht Y; + cosht Y.
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Notice that

2 22
Wf(kat expsY; -en) = Ff(ka, expsY; expc;sY; - e,)

for every choice of ¢; € R. We shall make a special choice for the c; later on.
We have

d2
ﬁf(kat expsY; - en)

d? . .
= Wf(k exp[cosh? sY; + sinhz sY/] - exp(c;[sinht sY; + cosht sY])]a; - ey).

Taking ¢; = —tanh¢ and using the first two terms in the Baker—-Campbell-Hausdorff
formula (see [55, Theorem 2.15.4]), we obtain

sinh? ¢
cosht
= exp(cosh™! ¢ sY; — tanht s[Y;, Y/l+o (s%)).

exp[cosh? sY; + sinhtst’] -exp(—[ sY; + sinht st/])

So,
d2
W‘s:()f(kat expsY; -en)
d? 1
=2 f(k exp(cosh™' ¢ 5Y; —Etanhtsz[ 7 /])at en).

One has [Y;, Yj’] = —2[N;,ON;] = 2(n ) for all j (cf. the proof of Proposition 9.2.7).
In order to formulate in a proper way the result we have obtained so far, we define for
Z e tand x = k - ¢, the differentiation operator Z7 on S”~! by

d2
(ZR NHx) = ) s=of(k expsZ - ep).
As before, wgn—1 = Z;';} (Yj)i is independent of the choice of k and we also have

n—1 2

d
wsn—1 f(k-en) = —3 |,y SExpsY k).
j=1

We have now, writing f(ka; - e,) = f(t,b) = f(t,00,0n),

wq = (2(,1L—i1) L — tanh? — ﬁa)sn—l) f
1 1 af 1
BRI [A(t) i (A0 50) | = g os £
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We know that A = 2(n — 1) wq, so we get

1
Ar)

1
osh? ¢

Af = Cl)Sﬂ—lf.

(A(t) %—J;) ~201—1)

We finally have to show that 2(n —1) wga—1 coincides with the Laplacian Q on S”~1. This
is easily done: we know that the two differential operators are proportional and that 2 acts
on the harmonic polynomial s; +is, on "~ ! as the scalar —(n—1), see Section 7.3 (vi) (3);
computing now the action of 2(n — 1) wgn—1 on this polynomial gives the same scalar.

Consider a function ¢ € D(X), K-finite of type (I, m), i.e.
o(x) =g¢(kas-en) =Ft)Y(b) (keK,t>0,beKEY,

where Y € ¥ ,,. The function F is in CZ°(R) and satisfies the relation F () =
(—=1)™F(—t). We are going to make explicit the Fourier transform ¢ (&, s, ¢) of
such a function. Notice that, because of the K-equivariance, we must have [ +m =
¢ (mod 2) because otherwise the Fourier transform would vanish.

Consider Y (b) as a function on S® x $"~1, b = (09, 0) with o9 € S° (09
+1) and 0 € S™!, and consider the function £ — @(£,s, ) as a function on
Ry x SO x §7~1:

=M1, A1) (A eR,A#0, 19€8% res™D.

We obtain

sxd e
F(%) F(S_P"l2'1+8)

o(.5.6) =

o0
X / / / [—sinht ogto + cosht (o, T)]* P*F(t)Y (09, 0)A(t)doodo,
0 SO0,/ gn—1

where, for the moment, {, ) denotes the usual scalar product in R”. As said before,
@(b, s, ) belongs to ¥; ,,, again and, because of the invariance under K and the
irreducibility of ¥; ,, under K, we get

P(A10. A7) = AP F(s.2) Y (0. 7)

where F(s, &) only depends on (/,m) and F (and on s and ¢, of course).
To compute F (s, &) we consider a special function Y, namely

—2

Y(00.0) = 0 C,7 (o)/C, 7 (D).

This function was previously also called w; ,,, / j m (§ 0). We obtain

F(s,e) = /Ooo Oy (t,5,€) Fr) A(t) dt,
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where

A S —
F(%) I F(s—p-gl-l-s)

@y n(t,s,8) =

9.2.9)

1 n—2 n—
x/ / [—sinht o + cosht 0y, [P 05" C; > (0n)(1 —03)72 dogdoy,.
S0 J—-1

The integral equals

n—2

1
/SO / [—sinh¢ 4 cosht g, |°77*° 06"+l+8 C,? (on)(1— 0,%)% dogdoy,
—1

1 n—2 n—
= / [—sinht + cosht 0y, 7P C; 2 (04) (1 — 0,%)72 doy.
-1
Notice that this integral is absolutely convergent for Res > p and all t € R.
Moreover,
D (—t,5,8) = (—1)" @y (2.5, €). (9.2.10)

The relation

Ag (€. 5.) = (57 = ) P(E.5.9)
implies that the function ®; ,, (7, 5, €), for Re s large, is a solution of the differential
equation

1 d

I(l +1n—2)
A(r) dt !

2 2
= (5" — u. 9.2.11
o 1 ( 0°) ( )

du
A =)
( ®) dt *
The change of variable z = tanh? ¢ leads to the hypergeometric differential equa-
tion, and we get the following two, linearly independent, solutions of (9.2.11) on
R:

- —s+p+l —s—p—I+1. 1.
« Wy o(t,s,8) = (cosht) =P 5 Fy( s+29+ i + ,%,tanhz 0,

* Uy 4(t,5,6) = (tanh7) (cosht)* =7 2F1(_S+p2+l+1, —s—p2—l+2; 3;tanh? 7).

Because of relation (9.2.10) we get

D@y n(t,5,8) = Brm(s, &) Vi m(t,s,€).

The numbers f; ,, (s, &) can be calculated and we obtain

n—1 _—=Il4|e—m]|
2

Bim(s, &) =4m 2 2

s—p—&e)(s—p—€e—2)--(s—p—m—1+2)

m
x(=1) 1ﬂ(ererl—erl)
2

’

where for m + / < 2 the nominator of the fraction has to be taken equal to 1.
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Clearly,

n—1

42 n=2 B 1
Bim(s.€) = @[Cl 2 (D] 1F(T;1+8) (9.2.12)

1
% (s — p)" (~1)" / loal" P sgn ot €7 (0) (1 02)"5 doy.
—1

This integral can be computed, using Rodrigues’ formula for Gegenbauer polynomials:

Cl) (1 - x2)rh = A*( ) [(1 2)1+A—%]

with
L e
P+ by
where, as usual,
F(a+l)
() = af@+1)---(x+1-1).
)= T@ )

Performing / partial integrations we get the result.

We remark that
W m(t,—s,6) = W (1,5, ). (9.2.13)

Summarizing we now have

@(b,s, &) =Y(b) Brm(s.¢) /Ooo Y m(t,s,e) F(t) At) dt, (9.2.14)

where B ,,,(s, &) and W, (1, 5, &) are equal to, respectively,

Az 1+|s+m|( 1)m( s—p—8&)(s—p—e—=2)---(s—p—m—142)
]—
F(s+p+2 m—i—l)
and
— l4+1 —s—p—1 2 3
(tanht)m(cosht)s_szl( s+p2+ + , il 3 + h2)

Denote by ¥5 , the (continuous) mapping from D(X) to #; ¢(Z2) defined by
Fse i@ (., s,¢).
We will study its image. To do this, we introduce the sets

E(s,e) ={(,m): 1 +m = e (mod?2), B ,(s.€) # 0},



178 9 Examples of Generalized Gelfand Pairs

and set

Js,a = Z "yl,m-

(I,m)€E ((s,e)

Then d5 ¢ C F5.(D(X)) C Iy
The study of the numbers B; ,, (s, ¢) leads to the consideration of the following
values of s:

p+e+2r, reN, (9.2.15)
—1—p+¢e—2h, heN. (9.2.16)

If s is not equal to one of these values, we have js,g = D¢(B), so the image of
Fs,¢ 1s dense for such s. On the other hand, if r € N, then

E(p+e+2re) ={(,m):l +m=¢e(mod2), | +m <2r + ¢},
and if # € N, then
E(-1—p+e—2h,e)={(l,m): ]l +m=¢e(mod2), | —m > 2h —¢}.

Proposition 9.2.19. If s is not equal to one of the values in (9.2.15) or (9.2.16), in
particular if s + p is not an integer, then the set

{75 e(@)use 1 ¢ € D(G)}
is a dense subspace of Hs ¢(E).
In fact, this set equals
{@(.s.8) 19 € D(X)} = Fs,6(D(X)).

This equality says that u; ¢ is a cyclic vector of 75 ¢ in a generalized sense.
We end this section with a very useful corollary. Setting as in (vii),

n—2
o1,m(b) = @1,m(00,00) = 03" C; > (0n),
we obtain from (9.2.12), taking m = 0:

Corollary 9.2.20. One has

P = ST e Brols. £) wpo(x)

s—p+1+¢
F( 2 ) I=¢g(mod 2)

where the numbers c; are non-zero and the convergence is taken in the space
D'((-1,1)).
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(xi) Expansion of {; ¢ (@) when ¢ is a K -finite function
Suppose that ¢ is a function of the form
9(x) = F(O)Y(h)  (x =kas-en, 1 >0,b=k-£%)

where y € Y; ,,, with [ +m = ¢ (mod 2). We apply the expression

Us,e(@) = @(b.s. ) [b,en] P dD,

e ),

F(—s—pz—i-l—i-s) B

which holds for Re s < —p, and we obtain
o0

60c@) = Prn(s0) [ i(t.5,0) FO) A

1
X ——————— | Y(b)[b,e ] P*db.
F(—s—pz—l-l—}—a)/; ( )[ ]

Applying Corollary 9.2.20 we get

gs,g(a) = O ifm = 1.

So & ¢(¢) might not vanish only if m = 0, and then

179

£5.6@) = €1 Bro(s.6) Bro(—s. ©) /O Wio(t.5.6) F() A@de (92.17)

x / Y()wro(b)db (I = & (mod2)).
B

Theorem 9.2.21. (a) For all complex numbers s one has
é—s,e = g—s,s (8 =0, 1)-
(b) There holds {5 # 0 foralls € C, e =0, 1.

Since ¢ ¢ and {_; . are spherical distributions belonging to the same eigenvalue sZ — p2,
it follows from Theorem 9.2.5 that one can find complex numbers a and b (depending on

s and ¢) such that
é.—s,s =a Zs,l +b é's,O,

since 0 and {,,; are linearly independent. This latter fact is easily seen by taking a
function ¢ with Y = 1. Of course, we have to exclude some isolated values of s, but it
holds for s “in general position”. Taking functions ¢ withY = 1 and ¥ = w;o we easily
get that {_ . is proportional to ;. and then, applying that the expression (9.2.17) is even
ins, {_se = (5. The fact that {5 o # 0 is clear for s in general position. One can easily

show that for each s and ¢ there is a number / with

Bi.o(s,€) Bro(—s,e) # 0.
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(xii) An intertwining relation for the Fourier transform

Theorem 9.2.22. The Fourier transform ¥ ¢ satisfies the relation
As,a o }V—s,s = )/(S, 8) st,s,

where Ag ¢ is the intertwining operator defined in (vii) and y (s, €) is the following

meromorphic function:
)/(S 8) _ F(S+P+1—8)
F(—S+02+1—€)

Set

Eé,g@) = (Ase F/?(, =5, )], U—s,¢).

This distribution is again spherical with eigenvalue A = 52 — p?, and one easily shows, as
in the previous section, that ¢ ;’8 is proportional to {s ,:

Cse = v(5.8) Lse
To determine the factor y (s, ¢), we consider special functions ¢ € D(X) of the form

¢ (ka; - en) = F(t) Ye(b), namely with Yo = 1 (if ¢ = 0) and Y1 = wip (if 6 = 1). We
know by Theorem 9.2.15 that As0 Yo = Yo and 45,1 Y1 = p+s * ¥1. So we obtain

£s.(@) = co oo(s. ©) Peo(—s. &) /0 Weo(t.5.6) F () A1),

— *© — §\€
6@ = colBea=5. | Waolt.s.e) FOy Aydr x (23"
0 p+s
This yields the announced formula for y (s, £€). We have shown that for all ¢ € D(X)

Assr( —=s,8)], u—se) = y(s, 5)(§0( 5,8), U—5¢).

So for any function ¥ € D(G) one has

(Ase [0 (=s.0] 7l (W) u—se) = y(s.) (@ (.5.8), 7L (V) g ).

If s + p is not an integer, the functions 7" () u—_s,¢ span a dense subspace of H_; ¢ (E)
when ¥ runs over D(G), hence

Ase[p (. =s.8)] = y(5.0) 9 (..5.¢),

hence we have shown the announced relation between A ¢, F_s ¢ and F; c.

Remark 9.2.23. Observe that j;* 1 ¢ = @ (., s,¢) and j) 1@ > As¢ [0 (., —s, )]
are both continuous G-equivariant linear mappings from D(X) to #;((E). If s
is imaginary and non-zero, we know that . is irreducible and Hs ((E) carries
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a unitary structure. It is easily seen that j* and ;) are both continuous for this
structure as well and hence, since (G, H) is a generalized Gelfand pair, j) is
proportional to j;*:

Ase0 Fose=y(s,€) Fse,

first for s € iR* and hence for all s € C by analytic (meromorphic) continuation.
The computation of y(s, €) has to be done as before. Thus we obtain an alternative
proof of Theorem 9.2.22.

(xiii) Asymptotic behaviour of the distributions {s ¢; the c-functions
We define the functions c(s, €) by

p—Ss

c(s,e) = Ws,o(1).

F(S—P;I-FS)

We recall, see (vii), that

25TP7IT(R)  T(s)
VT (s +p)

Proposition 9.2.24. For ¢ € D(X) we set ¢;(x) = @(a; - x) (x € X). Then we
have for Res > p

Wyo(l) = - /B 5. £%]°* db.

Jim O g (@) = c(s.) y (5. 0) PE. 5. ).

Indeed,
1 —~
(@) = —— [ b,—s.&)[a—s -b,en]* P*db.
é‘SE(gDI F(S p-|2-1+€) B‘p( )[ t i’l]

Since e [a—; - b, es] = €' [b,sinh7 e + cosht e,] tends to 3 [b, §°] when 1 — oo, we
get, by (xii),

p—s
: —(s—p)t — -~ 015—p,&
Jim <O @) = e [o0sop.erre s

20=s

NG Weo(1) ¥(s.8) 9(E°. 5. ).

According to Theorem 9.2.5 the spherical distributions {s ¢ can be expressed as
linear combinations of the distributions M’S; and M'T; (A = 5% — p?), defined
in Section B.4. So

s,.e = a(s, ) M'S; + b(s,e) M'Ty.
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We shall determine a and b by comparing the asymptotic behaviour of the distri-

butions at =& oco.
Recall the definition of S and T, of Section B.4. It is appropriate to collect a
few formulae which play an important role in the next computations:

2Fl(a’b;C;Z):%(—Z)w2171(61,1—c—i—a;l—b~|—a;§) o
*
C(c)T(a—b) i . B
T@Te—5 "2 2Fi(b1—c—bil—a+b;-)
for | arg(—z)| < 7 (see [13, 2.1.4, formula (17)]),
- 1
\/EF(ZZ) — 92z lr(z)F(Z + —), (%%)
2

sin(rrz)
ForRes > pand s ¢ %Z we have

(%) T(2s)
YT+ T+ Y
Ty =0 (t— o0),
I(2)T(25)
T(s+p)T(s+12)
1—yi(s)2  T(3)T(Q2s)
T n6) Te+pTG+)

2075 5P (t — 00),

* Sy~ y1(s) 2075 (=1)*P (t » —00),

2075 (=1)5TP (t — —o0).

This follows from formula (). Recall
rEra-7z3
s+ )T (=s+12)

5 — reHra-% D"z x
28 = Fs+p)T(=s+p) TE+pT(=s+p)

yi(s) = = (—1)% COS TS,

If p € D(X) andt € R, define ¢; € D(X) again by ¢s(x) = ¢(a; - x) (x € X).
If Suppgp C {x € X : [x,£°] > 0} then, because

[x,8°] =2 tll)ngo e " Q(a_sx) forall x € X,
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we have Supp¢; C {x € X : Q(x) > 1} for ¢ large enough. Hence

lim e"C™P" ¢ (¢r)

t—>00

= a(s.s) lim &P /X M'S3(0las x)) g1 (x) dx

(% T (2s)
L'(s+p)T(—s+p)

=a(s,e)

22025 fX I £ () dx,

as follows from the application of the dominated convergence theorem. On the
other hand, from Proposition 9.2.24 it follows that the left hand side equals

2075 PHHIT(G)T(s) T(HP) 1
F(s—szrHe) T(s+p) /7 p(—S+Pz_+1—8) F's—p+1+¢)

0115—p
x[Xux,s 11" p(x) dx.

Applying formulae (x*) and (***) several times we obtain

4 (_1)P+8
F(s—p42—1+s) F(—s—p2+1+£)

a(s,e) = (9.2.18)

Observe that a is even with respect to s, as it should be.
In a similar way we show that if Supp¢ C {x € X : [x, £°] < O} then

Jim e™C7IN g (py)

F(%)F(zs) 2p—2s 07/5—p
F(S+p)F(S+%)2 /X|[X»§ 11°7P o(x) dx

—yi(s) T(HTQ2s)
y2(s) T(s+p)T(s+

= a(s, &) y1(s)

+bis.e) - 527 [ 10 ) d
2

On the other hand, the left-hand side equals

2= cipr1 T(BT6) T
D (=252 T(s + p) /7 [(ZFgH=e)

07;5—p
></X|[x,s]| o(x) dx

22P72T(5)T(s)
L(s +p) /7

(=D°

= (-1)° a(s, ) fX I[x, %115 @(x) dx.
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Applying again formulae () and (***) we obtain
4(-1)Pten

T(s + p) T'(=s + p) D (=) T(Z4EEE) (cos s + (—1)P )
9.2.19)

b(s,e) =

Observe that this expression is well-defined and entire analytic in s.
We have obtained:

Proposition 9.2.25. If A = s — p?, then
(s.e = als,e) ]\/I/S)L + b(s,¢) M/T;L

with
( ) 4(_1)P+€
als, &) = — — ,
F(s p—;l-i-s)l—w( N pz—i-l-‘rs)
4(—1 p+e
b(s, ) = D77

T(s + p) T'(=s + p) D (=3E) T(ZBHEE) fcos s + (—1)P+e)

Though this holds primarily only for Res > p and s ¢ %Z, by analytic contin-
uation it holds for all s € C.

(xiv) Positive-definite spherical distributions

In this subsection we determine the positive-definite spherical distributions. An
important ingredient is the fact that dim D’} (X) = 2 for each A = 5% — p%. More-
over, {5 o and {5 1 form a basis of this space of spherical distributions. We shall first
determine which ¢ ¢ are positive-definite. Taking into account the G-equivariant
projection of D(G) onto D(X) given by ¢g — ¢ where

00 =plg-en = [ poleh)dh
one easily sees that { S,S(JO * g) corresponds to
beso o) = [ Fbs.e) T 0.=s.e)db.

Let us assume that { ¢ is positive-definite. Then clearly s = (s, and moreover

Lse(Wo % 0@o) = L5 e(@Wo * 9o) = Ese(@(Wo * o))

~ s2 — p2 ~
= wlse(Yo* o) = I Es,e(Yo * @o),
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where w is the Casimir operator. Taking now Vo = ¢o we get s> — p?, hence s2

must bereal, sos € iR ors € R.

(1) Spherical distributions associated with the unitary principal series and the
complementary series

(a) Unitary principal series. In this case where s = iv with v € R one has

Cive (o * po) = /B 9 (b.iv.e)2db = 0.

So we may conclude that
* Live (v eR, e =0,1) is positive-definite.

(b) Complementary series. Consider now the case withs € R, s — p ¢ Z.
According to Theorem 9.2.22 we have

o.(Fo % 90) = /B 7 (b.5.0)@ (b.—s.e)db

—y(s.6) [ A s o) (b —s.0) db
B
and if, in addition, ¢ is K-finite of the form

po(x) = F)Y(b)  (x = ka; -en)

withY € Y; ,, [ +m = & (mod 2), then
Cs,e(B0 * 00) = Y (=5, €) &1 () [Br.m(—s. &)]* (9.2.20)
x ‘/ F(1) qf,,m(z,s,e)A(z)dz)Z / Y (b)|? db.
0 B

To obtain this formula, apply (9.2.14) and (viii). In order that s, (or —{s.¢)
is positive-definite, it is necessary and sufficient that the sesqui-linear form on
H_s.(E) given by

(f.8) > (A5, 1. 8)

(or its negative) is positive-definite. Equivalently, since B ,,(—s,&) # 0 and
y(=s,e) > 0 for —p < s < p, if and only if the eigenvalues o; ,,(s) of A
all have the same sign when [ +m = ¢ (mod 2). Notice that the K -finite functions
in D;(B) span a dense subspace, see Section 8.1. The expression for a; ,, (s) is
given by Theorem 9.2.15. We see:

* (s, ¢ is positive-definite for —p < s < p.

* Ifs > pands — p ¢ 7 then neither {s ¢ nor —{s ¢ is positive-definite.
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(2) Spherical distributions associated with a discrete series representation and
the trivial representation

We now consider the cases where s — p is a non-negative integer.
For ¢ = 0 and s = p we have

* Lpo(@) = 12 [y p(x) dx.

This is easily computed and ¢, o is clearly positive-definite.

We are now turning to the cases s = p+2r +eands = p+2r +1—¢
for ¢ = 0, 1 respectively and r a non-negative integer. Thus we have actually to
distinguish between four cases.

Casee =0,s, = p+2r (r € N, r positive)

We apply formula (9.2.20) again and notice that ; , (—s,0) % 0 for all (I, m)
with [ + m = 0 (mod 2). Let us consider the expression

Jim y(=s.0)arm(s) = a , s7).
It follows that

oe;,m(sr) = a1 m(sr) y(=sr,0),

oz; msr) =0forl >2r +1and/ — oz; . (8r) is non-zero and alternates in sign
for [ < 2r + 1, hence: ’

* Neither y2r,0 nor —{p12r,0 is positive-definite.
Casee =0,5, =p+2r+1 (reN)
We have

E(=s7,0) ={(l,m) : ] + m = 0(mod?2), B m(—sr,0) # 0}
={(,m):l+m=0(mod2), | —m >2r + 2.

Furthermore,

o), (sr) = lim y(—s,0) 7 p(s)
g S—>8y

B (—D)rH122r 2L + )T (-2r =1+ 1)
VAo +r+1)Qp+2r+1)---Qop+2r+1)

So (=1)r 1 o . (sy) > 0for (I,m) € E(—sy,0). Hence:

o (=1)"T¢pi0r41,0 is positive-definite.
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We now turn to the two cases where ¢ = 1 and obtain in a completely similar
way:

* Neither {py2r41,1 n0or —pt2r41,1 IS positive-definite.

* (=1)"8p42r,1 is positive-definite (also for r = 0).
Since dim D’ (X)# = 2and ¢ and {5 ; form a basis of D’ (X)H for A = 52 —
p?, we now easily see that the positive-definite spherical distributions associated
with the discrete points s € p + Z 4 are, up to a positive scalar, given by

)" piari10, (D Corar1, Lpo-

In particular it follows that these distributions are extremal.

Let T be one of these distributions, # the corresponding invariant Hilbert subspace of
D’(X), n the unitary representation and j the equivariant injection J¢ — D’(X). Since
T is spherical we have o T = AT for some A € C, where w is the Casimir operator.
Then m_oo(w) = Al on H_o. If T} is a positive-definite H -invariant distribution with
Ty < T, and if (7q, j;1, J€1) is the associated triple as above, then the mapping A given
by A(j*¢) = j{¢ (¢ € D(X)) is well-defined and continuous. Extending A4 to # we
get a continuous linear mapping # — #; intertwining 7 and . This implies, since 4
has dense image, that r; (w) = Al on J,_ and thus 7} is spherical again: w7} = AT].
So T is a linear combination of 7" and a second distribution in Di (X). To see that T is
proportional to 7', it is sufficient to consider the action on K-finite functions of type (I, m)
with [ +m = & (mod 2) for ¢ = 0 and & = 1 respectively. Observe that s . (@o * po) = 0
if ¢ is of type (I, m) with [ + m = (1 — &) (mod 2). Hence T is extremal.

(3) Extremal positive-definite distributions

We summarize:

Theorem 9.2.26. The extremal positive-definite H -invariant distributions are the
following (up to positive scalars):

* Give (VeR;e=0,1),

*lse (O<s<pe=0,1),

* $p0s

o (=D)"¢otarq10and (=1) Lpqarn (r=0,1,2,..)).

Since, by Proposition 8.2.6, any extremal positive-definite H -invariant distribution is
spherical, the result is a direct consequence of (1) and (2).
(4) Associated class-one representations

The representations associated with the extremal positive-definite H -invariant dis-
tributions can be described as follows.
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e Unitary principal series

The distribution ¢;,, ¢ (v € R, ¢ = 0, 1) is the reproducing distribution of m;, ¢ on
the Hilbert space completion of #_;, ¢ with respect to the scalar product

(flg) = /B () 3B db.

» Complementary series

The distribution . (0 < s < p; € = 0, 1) is the reproducing distribution of 7y ¢
on the Hilbert space completion with respect to the scalar product

(f.g) =(Asef18)-

e Trivial representation

The distribution ¢, 0 corresponds to the trivial representation.

* Discrete series

The distribution (—1)" 1 Sp+2r+1,0 (r = 0,1,2,...) corresponds to the restric-
tion of 7_(p42,41),0 to the space d_(,42,41),0, being the closure in Do(B) of
d_(p+2r+1),0- See (x) for the definition of this set. We provide J_(,42,41),0 With
the G-invariant scalar product

(fg) =D lim L V(5.0) (As0 f [8),

s—>p+2r+

and take the Hilbert space completion, so that (—1)" T ¢,45,4 1,0 is now the re-
producing distribution of the unitary extension of 7_(, 42,4 1),0 to this completion.

In a similar way we proceed with the distributions (—1)" {,12,1. Each one
corresponds to the restriction of 7—,—5,,1 to the space j—p—zm, being the closure
in D1 (B) of J_,_2r,1. See again (x) for definition of this set. We provide j_p_znl
with the G-invariant scalar product

(fg)= (1 lim y(=s.) (4017 ]8).

(xv) Plancherel formula

We are now ready to determine the Plancherel formula for X : the expansion of the
delta-function § at the origin e, of X into extremal positive-definite H -invariant
distributions on X, so a formula like

5_2/ zmdue(mZ/ e dme(s)

+Za (=1)rt1 §p+2r+1o+zb (=1)" Spt2r.1.
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where (o, 1 and mg, m; are positive (Radon) measures on [0, o0) and [0, p] re-
spectively and a,, b, are positive numbers for all r. Since (G, H) is a generalized
Gelfand pair, such an expansion must be unique, hence the data ug, @1, mg, mi,
ar, by are uniquely determined by § in the given parametrization of the extremal
positive-definite H -invariant distributions on X. We are going to determine o,
K1, Mo, M1, ar, by.

Theorem 9.2.27. One has
_ 1
UC LI Y o T
2m = Jo " e (iv, g) |2

T3
+ E e Res ( ! )
p+2r+1,0 s=p+2r+1 T N
p+2r+1>0 ¢(s.0)c(=s.0)

1
+ Z Cp+2r,1 Ress=ptar (—) .
p+2r>0 C(S’ I)C(—S, 1)

This formula has been inspired by the Riemannian case, and the proof is also at
several points similar to the case SOg(1,7)/ SO(n), see Section 7.5 (vii). We shall
show that the formula is correct, but refrain from long computations. Of course,
Res stands for residue.

(1) Method of proof. A first remark is that the Laplace—Beltrami operator A is not only
symmetric on its domain D(X) C L?(X), but in addition essentially self-adjoint. The
proof of Proposition 7.5.13 applies to this case as well, the reader may easily check it.

Denote by A the closure of A and by R}, the resolvent of A. We are going to determine
R;, because we can then derive the spectral function A + E; of A by means of the
formula

[ ewdErin=——tm [ @Rt 1 He0ar 0220

forall ¢ € C.(R) and f € L?(X). We shall use the following two properties of R} :
(a) Forall f,g € L>(X) and all A € C withIm A # 0 one has

1
(R3S 18] = mllfllzllgllz.

(b) If f and g are in D(X), then
(RAAS18) = (Raf | Ag).
(2) Computation of R;. Letiy € D(X) and ¢y € D(G) and let, as usual, ¢ € D(X)
be defined by
o) = ol en) = [ poleh) di.
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Set
Fo* V(%) =/ 20(2) V(g - x) dg.
G

Clearly, o * ¥ € D(X). Consider now the function M('go * ¥) in H,. If we take a
right-translate of pg over i € H, this function does not change, hence we get a continuous
mapping of D(X) x D(X) into #, which we denote by

(0, V) = p#y.

So p#yr = M('gg * ¥). This mapping is anti-linear in ¢, linear in .
Applying Schwartz’ kernel theorem, see, e.g., Section 4.5 in [50] and Theorem B.3.2,
one has

Proposition 9.2.28. Let B be a continuous G-invariant mapping of D(X) x D(X) to C,
linear in the first and anti-linear in the second variable. There exists a unique element
K € Jt;, such that

B(gp.¥) = K(p#y).

n—1

For example, from the relation M’ B(gl) = % S (see Remark A.3.7), where
Bél) is defined on #; by :
B{"(p) = (D)
and § is the delta-function at the origin e, of X, we conclude

(-1)"2'T(%)

T

fX o) ) dx = (B, o).

NI

Let us apply the proposition to the kernel

(0. ¥) = (Ryg |¥).

If ImA # 0, this kernel is continuous (see (b)) and G-invariant, so there exists a unique
element K € J(’,’] with

(Rag [¥) = (K, o#V)
forall g, ¥ € D(X).
Clearly, K satisfies the following equation in J€{7

n—1
D723 o
—n230 )

T2

AK, — LK, =
By Theorem 9.2.5 and similar to the computations in Section B.4, we have

n—3
1 (=D 2 TG
==y .3 22T + AS, + BTy,

Ky

for some complex numbers A and B.
To determine A and B we look at the behaviour of the anti-linear forms at &+ co again
and take Res > 0in A = s — p?, s ¢ R.
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(3) Asymptotics. For a function ¢ € D(X) let us set again
¢ (x) =¢la:-x) (t€R, xeX).

Let ¢ and v be two functions in D(X) and F a continuous function on R. Then we have

/ F(0) () (1) di = [X /X F(lx.y) 900 ¥ () dxdy.

Hence, if Supp ¢ x Supp ¢ C {(x,y) : [x,y] > 1}, then
(Snoti) = [ [ 05D e v drdy
(see Section B.4 for the definition of ®1)), and

(S1. oY) = /X /X D (x. y) glar ) ¥ (») dxdy

B [ / W ([a—; - x, y]) o(x) ¥ (y) dxdy.
X JX
We have

[a—c - x,y] = —yo (cosht - xg —sinh 7 - x,) + X1y1 + -+ + Xp—1Yn—1

+ yn (—=sinh 7 - x¢ 4 cosht - x),

and thus
: -7 1 1 0 0
lim e [a—¢ - x,y] = = (yo + yu)(xn — x0) = S[x.§" ][y, w-§7],
T—00 2 2
where w is the matrix w = diag(—1,1,...,1) € G. Suppose

Suppg C {x : [x,£°] > 0},
Supp ¥ C {x : [x,w - £°] > 0}.
We have for Res > p
'(3)I'(Q2s)
I(s+p) (s + 1)

oD (1) ~ 0TSSP (= 00),

and therefore

') T'(2s)
T(s+p)T(s+3)
and thus, applying the dominated convergence theorem,

lim e=C=P7 (S, p#y)

T—>00

W ([a_.x, y]) ~ 220728 =P [y E0157P [ wEOPTP (v — o0),

_ T®res
T(s+p)T(s+3)

2072 [ P g [ et v dy.
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Similar observations hold for 7, and TJ(FI):

lim e~ C=P7 (T), g #hy) =0

T—>00

and

lim e~ =27 (17" g #y)

_ T@-%)T(Q2s)
T +p s+ 1)

We also have

2202 /X[x, £ 9(x) dx [X [y wEP P ¥ (y) dy.

1
K #)| <
K gty < oy

since ||@¢]|2 = ||¢||2. This yields the condition

ol ¥,

DT TR e-Hres) TEres)
873 0(s+ HTs—p+1) T(s+p) (s + 1)

1 C(s+p)
=) — .
87‘[”2 F(%) T(s—p+1)

In a similar way, applying asymptotics at —oo, we obtain in the notation of Section B.4,

s

hence A = —

T(%)T(25) { R0, B} Y
T(s+p)T(s + 1) yi(s) A+ y2(s) -
hence
_ _nnb ,
L—yi(s)
T COSTTS
=—— A
sin® ws (s + p) ['(—s + p)
T coS TS 1

873" I(%) sin> s T(s —p+ 1T (=s +p)
(_1)P+1

n—

83" I'(%) tgﬂs.

So we have now

_EDErER) g {F<s+p) P

8772 + 877 r(%) F's—p+1) A tgms

K TA} . (9.2.22)

(4) The c-functions. The c-functions were introduced in (xiii). For the formulation of
the Plancherel measure, it is convenient to have a simple expression for c(s, &) c(—s, €).
One has, using the formulae for I'-functions in (xiii)

o+ —s+o+
['(%)? cos(F4=E)m - cos(=HE)m

i I‘(S+§+€) F(_s+2p+8)s sinzrs

c(s,e)c(—s,e) = —
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(5) The Plancherel measure. We are going to rewrite formula (9.2.21) in terms of the
variable s, A = s2 — p2. We take Res > 0 and Res = 0, Ims > 0 as unique solutions
of the latter equation. So ImA > 0 corresponds to Res > 0, Ims > 0 and ImA < 0 to
Res > 0,Ims < 0.

We start, as said, with formula (9.2.21), written as

2wl elo J_

/ e d(Ef|f) = — L tim [(Risie S 1f) = (Riis S | )] @(A) dA

with ¢ € C.(R) and f € L?(X), in particular f € D(X). Changing to the new variables,
A = 52 — p? gives two branches, namely A € (—oo, —p?),so s € iR and A > —p2, so
s € R. Let K correspond to K (as usual). The line A + ie (A < —p?) transforms into
the curve kg, the line A 4+ ie (A > —p?) into K. Similarly we obtain for A — i ¢ the curves
k_s and k_ (see Figure 9.1).

Ke

Figure 9.1. The curves k4, and K4,

We obtain for the right-hand side of the formula

0

|
Il im [ [(Ke.w) S#S) = (Ke_ow). )] @(—1* — p*) 2vdv
i &0 J_o

1

27 lsif(}/o [(KAK;(S)’ JHS) = (K’Eig(s)’ F#O] o(—=s* — p*) 25 ds.

Taking into account the expression for Kj, this gives
1

—= /oo Im(Kiy. f#f) o(—v? = p*) 20dv + Y Rese—s, (Ks. [#£) p(s7 — p°) 251,
T Jo r

where s,, ¥ = 0,1,2,... are simple poles of s — (K, f#f) in (0,00). This second
term is easily obtained by writing in a neighbourhood of a pole s, > 0 of K, K¢(s) =
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s + 2ie + O(¢?) and similarly k_¢(s) = s — 2ie + O(&?). Finally, letting ¢ tend to
the function 1, this gives the Plancherel formula in a more or less concrete form. What
remains to show can be formulated as follows. In the first place we have to prove that

1 1 ~ ~ 1
- Im(K;y, f#f)2v = %[(;iv,m So#f) ol + (Civ,1, fo#f) W]

This can be seen in the following way. From formula (9.2.22) we derive for s = iv and
A =s2— pz’

(K. 1#0) =~ [l s
2
T

Making this formula explicit leads to a routine computation, where one applies Proposi-
tion 9.2.25. We leave this part to the reader.
In the second place, we have to show that the terms

Ress=s, (K5, f#[)2s,
give the discrete terms with the right weights in the Plancherel formula. From the form of

K we see that poles in (0, co) occur if tg s has zeros there, so for s, = 1,2,3,... and

Res;—s, K5 = % T, (Ty, = T),A = s2 — p*). By Proposition 9.2.25 we see

872 (%)

that M’'T,1 5, is a multiple of {,42,1 and M'Tyyo,41 is a multiple of {p42r41,0. This
multiple is easily computed, applying the transformation formulae for the I"-function from
(xiii), and we finally obtain the weights described in the Plancherel formula.

Remark 9.2.29. The relative discrete series of the group G is easily read off from
the Plancherel formula. The corresponding distributions are

()" ¢pior10 and (1) Cpiara

withr =0,1,2,...,and

Cp+2r+1,0 and  Cpior1

withO < p4+2r +1 < pand 0 < p + 2r < p respectively, where r is an integer.
Notice that if { is one of these distributions, then the Plancherel formula implies

(¢, f#f) <const| fl7  forall f € D(X),

so ¢ belongs to a relative discrete series representation, by Proposition 8.4.1. For
all such ¢ one has: ¢ is a multiple of M'Tj, for some s, = 0,1,2,....
It is known that the group G itself has no discrete series.

Remark 9.2.30. For more (recent) examples of generalized Gelfand pairs we refer
to [53, Chapter 8].



Appendix A
The Averaging Mapping on the Space R"*!

A.1 Special case of a theorem of Harish-Chandra

Let Q be the quadratic form on R”*! given by

2 2 2
Q(_x):xo—xl —..._xn.

As in Chapter 9, set Iy = {x € R""! : Q(x) = t} where t € R. Write
R”*+1\{0} = R2*!. One has the following result.

Theorem A.1.1. There exists a mapping f + My from DR 1) onto D(R)
such that for all continuous functions ® on R one has

[ rwe@enar = [ Moo,
R2+1 R

Moreover, Supp My C Q(Supp f) and f +— My is continuous.

This follows easily from the fact that Q : R”*! — R is everywhere submersive, i.e. the
differential of Q is non-zero. It is also a particular case of a general theorem of Harish-
Chandra, see [20, Theorem 1]. We shall sketch the proof of the theorem.

Take xo € R?*! and set 7o = Q(xo). Since Q is submersive, we can choose an open
neighbourhood V of xo in R?*1, a neighbourhood W of 0 in R” and a neighbourhood A
of tp in R such that there is a diffeomorphism 6 : V' — W x A satisfying

007 Y(y,t))=t foryeW,teA.
Let w(z, y)dydt be the image under 6 of dx|y. Then one defines for f € D(V)

Miw = [ (ror 00000 dy.

Obviously, M fV € D(A), Supp M fV C Qupp f)and f — M fV is linear and continu-
ous. Moreover, M fV is well-defined, i.e. the definition does not depend on the coordinate

system (y, ), provided Q(0~'(y, 1)) = t. To define My for /' € D(R”*') we now use
partition of unity.

Lemma A.1.2 (Partition of unity). Let Oy, ..., Ox be open sets in R™ and let K be a
compact set satisfying K C Uf»czl O;. Then there exist functions ¢; € D(R™) with
Suppg; C O;, ;i >0, Zf-;l i < 1land Zf;l @i = 1 in a neighbourhood of K.
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The proof of this lemma is similar to that of Lemma 4.1.2. The counterpart of Theo-
rem 3.2.1 is:

Lemma A.1.3. Let K C R™ be a compact set and let K C O with O open. There is
a function ¢ € D(R™) such that 0 < ¢ < 1, ¢ = 1 on a neighbourhood of K and
Suppe C O.

Let us prove this lemma. Let 0 < @ < b and consider the function f on R defined by
f(x) = exp(xla — ﬁ) ifa < x < band f(x) = 0otherwise. Then f is a C* function
and the same holds for F(x) = ff f@)dt) f: f(t) dt. Notice that F(x) = 1if x < a,
F(x) = 0if x > b. The function ¢ on R™ given by ¢(x1,...,Xn) = F(x? +--- + x2)
is C®, is equal to 1 for r? < g and equal to O for r? > b, where r? = x? + - + x2,. If
B’ C B are different concentric open balls in R™, then we can easily construct a function
¥ € D(R™) that is equal to 1 on B’ and zero outside B. We can find open balls B;
and Blf (i = 1,...,k) such that B; and Blf are concentric, the radius of B; is strictly
larger then that of Bi/ , and such that the Bi’ cover K while the B; are contained in O. Let
Y; € D(R™) be such that ¢; = 1 on EI’ and ¥; = 0 outside B;. Then the function
e =1—-—=vY1)(A—Y2)--- (1 —Yy)isin D(R™) and it is equal to 1 in a neighbourhood
of K, and it satisfies Suppp C O and 0 < ¢ < 1.

Let us now define My for f € D(R”*'). Cover Supp f with finitely many sets V;,
i = 1,...,k, and choose a partition of unity ¢y, ..., ¢ relative to this covering. Then
f= Zle @; [ and ¢; f € D(V;) for all i. We define

k
My=Y"M),.
i=1
Clearly, My is well-defined. It remains to show that /" — My is a mapping of D(R7+1)

onto D (R).

Let 7o € R and choose xo € I's,. As before, choose neighbourhoods V' of xo, U of
y = 0in R”, A of t = t¢ in R such that there is a diffeomorphism 8 : V — W x A
satisfying Q(0~1(y,1)) =t fory € W,t € A. Let w(y.t)dydt be the image of dx|y
under 6. Then we have for f € D(V)

M0 = [ (Fe0 00000y
There exist a function g € D(W x A) and a neighbourhood B(y) of ¢y such that
/W gy, )w(y,t)dy =1 fort € B(ty).
Set fi, = g o 6. Then f;, belongs to D(}') and My, = 1fort € B(l).
Letnow u € D(R). Associate to every point ¢ in Supp u a function f; and a neighbour-

hood B(t) of t as above. There are finitely many #1, ..., #; such that Supp u is covered by
the B(t;).
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Let ¢1, ..., ¢; be a partition of unity relative to this covering. Thenu = ¢y u + -+ +

@1 u, Supp; u C B(t;). The function f* = (@10 Q) f;;, +---+ (¢1 0 Q) f;, satisfies the
conditions f € D(R”*!) and My = u. Hence f > Mjy is a surjective mapping.

It is clear that f +— My(t) (t # 0) is a positive measure on R”*1, since
its support I'; is closed in R?*!; moreover it is H -invariant, so f +— M £ (1) is
proportional to the measure ; as given by (9.1.3) and (9.1.4), for instance. For
t = 0 a similar statement holds, see (9.1.2).

Show that one actually has for # % 0 and f € D(R"*1)

NS

21
I'(

M) = 11" e ()

T

)
if u, is defined by (9.1.3) and (9.1.4).

A.2 Results of Méthée

Let again G = O(1,n). By Theorem A.l.1 there exists a continuous mapping
f = My of D(R?*1) onto D(R). If S is a distribution on R then 7' defined by
(T, f) = (S, My) is a G-invariant distribution on R”+1. We shall show that the
converse is also true. This result is due to Méthée [31].

Theorem A.2.1. Let M be the continuous linear mapping from D(R"+1) onto
D(R) defined in Theorem A.1.1 and let M’ be the dual mapping from the space
D'(R) into the space D'(R?T1). Then M’ maps D'(R) onto the space of G-
invariant distributions in D' (R?T1),

The proof is rather involved, we follow the arguments in [37]. The structure of the proof
is as follows.

1. There is a well-defined continuous linear mapping from D(R) into D(R?*1), ¢ >
Qy, such that Maw = @.

Consequently, any distribution 7 on R”*! gives rise to a distribution S on R by (S, ¢) =
(T.ap) (9 € D(R)).

2. Let T be a G-invariant distribution on R%1. The restriction To of T to {x : Q(x) #
0} is of the form Ty = M'’Sq for some Sy € D'(R*).

Hence, if Sisasin 1., then S = Sy on R*, so Sy can be continued to R and the distribution
T — M'S is G-invariant with support in {x : Q(x) = 0}.

3. Any G-invariant distribution T on R with support in Q(x) = 0 is of the form
P(%)Mj(f)h:& where p is a polynomial in one variable.

SoT =M'SforS € D'(R). S = p(£)8.
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ad 1. We recall that M is surjective: to any v € D(R) there is f € D(R?™!) with
My = v (Theorem A.1.1). We are now going to construct a C > function & on R+ with
the following properties:

(a) For any compact set K C R, Q71 (K) N Supp « is compact.
(b) My(t) = 1forallt € R.
Set R%*! = {x e R"*!: Q(x) > 0}. There is ¥ € D(I'y) with

/ V) () = 1.
IS

Set Y1 (x) = ¥(x Q(x)"2) Q(x)~"7" for x € R Then 4 is C* on R%F!. If
K C R? is compact, then Q~1(K) N Supp ¥4 is compact. Moreover My (1) = 1 for
teRL.

In a similar way we construct /_ on R**! = {x ¢ R"*1: O(x) < 0.

Let now v € D(R) be such that v = 1 in a neighbourhood of t = 0. We know that
there is f € D(R%*!) with My = v. Define

S +[1—v Q@)Y+ (x) ifxeR,
a(x) = { f(x) if Q(x) =0,
f@)+[1—v0@)]v_(x) ifxeR"TL,

Then o has the required properties.
Let now ¢ € D(R) and set a,(x) = a(x) ¢(Q(x)). Then o, has compact support and
My, = ¢. Observe that the mapping ¢ > o, is continuous.

ad 2. Let T be an invariant distribution on R”?*!. The mapping
(t,y) >ty
of R} x I'y onto R’fl is a diffeomorphism. Consider now functions f of the form
f.y) =B a)  (x€DRYL), e D).

These functions span a dense subspace of D(Ri+1). Fix « and consider 8 +— (T, f).
There is a constant o () such that

(T,a®ﬁ)=0(06)/r B0 i (v)

and o is a distribution on R .
We obtain
(T, f) = (o, [t]707D My (1)),

So there exists a distribution S on R* with

(T.f) = (S+.My)  (f € DRY™).
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Similarly there is a distribution S_ on R* with
(T.f) =(S—,My)  (f € DR™Z™)).
So Sy = (S4+, S-) is a distribution on R* with

(T. f) = (So. My)
for f € D(R:’_‘H U R™*1). Therefore the restriction Tp of T to {x : Q(x) # 0} is equal
to M'Sy.

ad 3. Let T be an invariant distribution on R? ™! with support in I'y. For every xo € Ty
there is a neighbourhood V' where we may use a coordinate system (¢, y) (t € R, y € R")
as before in (A.1), so with ¢t = Q(x). We can write T in V as

L odis
T = Z T ® S; (A.2.1)
i=0
with Sy,...,.S; distributions on V N T'g. We call [ = [(x() the transversal order of T

at xo. Since T is invariant, [(x¢) does not depend on xo € I'g; we write [ for the global
transversal order. We are going to show by induction on / that there is a polynomial in one
variable of order / such that

d
1) = ()t
(T.f) = p(3) M7(D)li=o
for f € D(R2T1).
If I = 0, then T is an invariant distribution on I'y, so equal to a scalar multiple of ¢.
Let our statement be true for 0, 1, ...,/ — 1. We shall prove it for /. Write near x¢ € I'y
the distribution 7" as in (A.2.1). So

! i
() = Y45 5200 (f € D).

i=0

We shall show that S; is (locally) G-invariant.
Let B € D(V N Ty) and take f of the form

. y) =a@)p(y)

with 2(0) = &’(0) = --- = «?"D(0) = 0 and P (0) = 1. Then (T, f) = (S;, B). Let
g € G besuch that SuppLg(B) C V NTy. Ifx € V, x = (t,y), weset g~ ! - x =
(t,&(g, y.t)). We then have

(Lg ). y) = a(t) B(E(g. y. 1)),

and taking into account the conditions imposed on ¢,

(T.Lg f) = (S1,B(E(g.y.1))) = (S1, LgP).
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Since T is 1nvar1ant we see that so is Sy, hence (S;, 8) = ¢ M (0), where c is a constant.

Hence T — d M (0) is a G-invariant distribution with locally and hence, by the G-
invariance, also globally, transversal order at most / — 1. Now apply induction to get the
result.

The next step is to extend Theorems A.1.1 and A.2.1 from R?*! to R”*1, This
will be done in the next section.

A.3 Results of Tengstrand

We start with the extension of Theorem A.1.1. Letn > 2 and let f € D(R"T1).
Observe that My (¢) is defined for all 7, see Section 9.1. The crucial point is the
determination of the behaviour of My (¢) near t = 0. We begin with a lemma.

Lemma A.3.1. Let f € D(R"*Y) and n > 2. Then My (t) is continuous att = 0
and C® fort # 0.

Let us apply formulae (9.1.3) and (9.1.4). We take f K-invariant, which can be done

. . - /2
without loss of generality. We then have (up to a positive constant equal to %)

o
=y / F(|2]'? sinhu,0,...,0,|¢|"? coshu) cosh” ' udu (t <0),
My =1 %
tT/ F(t"? coshu,0,...,0,1"/? sinhu) sinh™~' u du (t > 0).
0

For simplicity we considered f as a function of two variables, C* and of compact sup-
port. Moreover, since f is even in the first and in the second variable, we may write
f(x,y) = g(x2, y?) for some g € D(R?).

So, fort < 0,

o0
My(t) = |t|n72l/ g(|t| sinh®u, |t| cosh® u) cosh” ! u du.
0
Substituting |¢| cosh? u = w, we get

My (t) = /0 gw— |t w)w"ZT (w—|t)"V2 dw (A3.1)

R — )=

o0
/ glw,w+ t]) (w+ III)% w2 dw
0
and similarly, for ¢ > 0,

1 [ n—
Mg (t) = 3 / gw+1t,w) w"z (w+1)"V? dw. (A3.2)
0
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Hence lim; .o My () = ¢ My(0) by (9.1.2), since n > 2. Because M (t) is already
continuous at ¢ = 0 if £ € D(R?*!) (by Theorem A.1.1), we get ¢ = 1 and My (t) is
continuous at ¢ = 0 for f € D(R"*1). Clearly, formulae (A.3.1) and (A.3.2) also imply
that My is C* fort # 0.

Notice that (A.3.1) and (A.3.2) can be combined to one formula valid for all ¢
(even t = 0), namely

oo

My(t) = % / gz—1z240)(+0)"T (z—1)" 24z (A.3.3)

7|

where ¢t = —27 (again up to the positive constant equal to l%’(rn—n//zz)). Though My (1)
is a few times differentiable at ¢t = 0, there is obviously a singularity at t = 0. The
next theorem gives a precise result. Recall the definition of the Heaviside function

Y:Y(@)=1fort =0, Y(tr) = 0 otherwise.

Theorem A.3.2 (Tengstrand). The image of D(R"*1) under the mapping M is the
space FHy consisting of functions on R of the form

Y1+ 1N¢2
where @1, 92 € D(R) and

n(t) = {Y(t) |t|% if n is even,

. A34
log|t["Z  ifn is odd. (A3

We follow [47]. Let f € D(R™*!). Then clearly, My has compact support and is C* for
t # 0. We shall examine My (t) in O = {r : |[7]| < %} —2t =t. Itis easily seen that

o0
f gz—tz4+1)(z+ r)% (z—1)"Y?%dz
1

is C*®in 7, soin C*(0O).
Let first n be even. By expanding g in a Taylor series we get

1
2Mp(r) = Y gpy(0.0) / C+0)" T (-0 dz +w, (A.3.5)
B+y=<v Iz|
where w € C?+"2% and 88,y(0,0) = %(0,0).

Integration by parts (to move the (z + 7)-term to the (z — 7)-term, to get finally

n—

(z — 1)~ 12+ 2 +B+Y) now gives

2Mp(r) = Y(=0) (202" Y ag, (—0)FF7 g5,(0.0)
B+y=v

+ Z g8.y(0,0)wg,, + w,
B+y=v
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where w € Canz+”((9) and wg, € C*(0). The wg,, are independent of g. Further-
more ag, = (—1)278 by, with

b —oisiipey (BHY\TGEATE+3)
Py B ) T +p+y)

By a classical result, due to E. Borel, we can find a function ¢ in D(R) with

v

dtv

0(0,0)= > ap,gp,(0,0).
B+y=v
Then we have . s
2My(2) = Y(=1) (=21) 2 ¢(-1) € C 2 7(0)
for all v, so My (7) = @1(r) + 1(7) 2(7) with @1, @2 € D(R).
To see that M maps D(R"*1!) onto #,, take ¢ € JH, of the form ¢ = ¢; + n¢, and
choose g in D(R?) of the form

g(x,y) =a(x)B(y)

with p = lneary = 0, 8 € D(R) and @ € D(R) such that 2" (=1)* «a®(0) =
o0) (v=0,1,2,...).

Set f(x,y) = g(x3,x3+---+x2). Then f can be seen as a K-invariant C* function
on R"*! with compact support. Moreover 2 M7 (t) — ¢(t) is in C*°(R), so in D(R), and
thus, applying Theorem A.1.1, M is surjective.

The case n odd is a little more difficult, but the proof goes along the same lines. To
handle the analog of (A.3.5), i.e. the integrals

1

(z + r)%"‘ﬂ (z - t)”_% dz,
7|

we consider separately 7 > 0 and t < 0. Let t > 0. By partial integration we reduce it to
1
/ (z + r)L?ﬂg“LH% (z—1)"V%dz
T

(up to a well-defined constant).
Now write

zZ—T _1/2_ ! 2T _l/z_i
z+71 B z+7T -

k=0

—1/2\ 2Kk N+1
k (z + ‘c)k + (z + )N+ Y (z.7).

Similarly for T < 0. We finally get

2My(t) = n log|t] Z aﬂ,yt%ﬂﬂy g8.y(0,0)
B+y=v

+ Z g8.y(0,0)wg,, +w,
B+y=v
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where w € C"Z"v+1(©9) and wg,, € C®(0O). The wg,, are independent of g. Further-

more, ag, = (—1) 2
pleted.

B bg,, where bg ,, is as above. The proof is now easily com-

A careful look at the proof of Theorem A.3.2 also reveals the following. Define
the functionals Ax and By (k =0,1,2,...) on ¥, by

d*g;

dtk

Observe that Ay and By are well-defined: if ¢; = n¢ € D(R), then all deriva-
tives of ¢ and ¢, vanish at 1 = 0. We see that for f € D(R"*1)

Bi(Mp) = Y ¢4, 8p,(0.0)
B+y=k

d*gr
Alpr+n92) = — 2 0). Bilpr +192) = —2(0).

with c% v well-defined constants, independent of f. About the relation between
derivatives of f and g, observe the following.
For any (n + 1)-tuple « = (xp,o1,...,®,) of non-negative integers we set
glel

lo| = o + 01 + -+ oy and D* = ———57——=,;- Letus call o even if all o;
0xq 0x) " - 0xy

are even.

For f € D(R"™!) set F(x) = [x f(k-x)dk (x € R"!). Notice that
F is in D(R”'H) and is even in each variable xg, x1,...,Xx;. So only for even
a = (ag, o1, ...,0,), D¥F(0) does not vanish and one has

(D*F)(0) = ) e5(D° £)(0),
8=l
where the eg are constants independent of f such that e, # 0. In addition we have

Bly!
2B 2y)!

where we have set F(x,0,...,0,y) = g(x2, y?). The result follows by using the
Taylor expansion of g at (0, 0). So combining these results we have

Bi(Mg) =Y cs (D f)(0) (A3.6)
|6]=2k

DP7g(0,0) = g5.,(0,0) = (D2B:0:-0.2v ) (@),

forall f € D(R"*1), the c5 being constants not depending on f and not all equal
to zero.

We shall now provide the vector space #; with a topology, that makes it a
locally convex topological space in a natural way. Put on J; the strongest locally
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convex topology such that the maps ¢ — ¢ and ¢ — n¢ from D(R) to ¥,
are continuous: the “topologie localement convexe finale” (see [4, Chapter II, §4,
no. 4]). The restriction of this topology on #¢, to D(R) and n D(R) coincides
with the original topologies on D(IR) and n D(R) respectively. So in particular, by
Hahn-Banach’s theorem, any distribution on D(R) can be extended to an element
of J¢;, the anti-dual of J¢;. Let T € J;. Then the restriction of 7' to D(R) is
a distribution on R, that can be extended to an element S on Jf,/l Then T — S
vanishes on D(R). Now consider the functional

o= (T —S)ng),

which is a distribution on R with support in {0}, so a finite linear combination of
derivatives of the §-function. Otherwise stated:

m
(T —S)(ne) =) ck Bi(p)
k=0
for some positive integer m and constants ¢y, independent of ¢. Thus 7 = § +
> h—ock Bx. This gives a good insight into the structure of elements of Jf,/l
Notice that By, € Jé’,’? Summarizing we have:

Proposition A.3.3. (a) Any distribution T on R can be extended into an element
of I,

(b) Two extensions of the same distribution T differ by a finite linear combination
of the functionals By,.

It is not difficult to show that f + My is now continuous on D(R"*T1). We
will not go in detail here, but just refer to the proof in [47].

Notice that both D(R”*1) and #, are inductive limits of Fréchet spaces, so
that the closed graph theorem applies both to these spaces and their duals.

Let O be the second order differential operator on R”T! that we defined in
Section 9.1 (iii).

Lemma A.3.4. Any G-invariant distribution T on R"*T1 with support in {0} is of

the form T = p(0) § where p is a polynomial in one variable.

In fact, every such T has the form ¢(d) § where ¢ is an invariant polynomial, so g(d) =
p(0).

Lemma A.3.5. Let T € D'(R"*Y) be G-invariant and with support contained
in {0}. Then T is a finite linear combination of the distributions M’ By.

Clearly, this follows from (A.3.6) and Lemma A.3.4, since §, 4, ..., O™§ span the same
(m + 1)-dimensional space as M’ By, M’ By, .. ., M'B,,.
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Theorem A.3.6. The adjoint M' of the mapping M from ¥, into the space of
G-invariant distributions on R"*1 is a continuous surjective mapping, hence an
isomorphism.

The latter statement follows from the closed graph theorem. If T € Jf,’] then clearly M'T
is a G-invariant distribution on Rt since M is continuous. It remains to show that M’
is surjective, since M’ is clearly injective. So let Ty € D’(R"*!) be G-invariant. Then
the restriction Sy of Ty to R?T1 is of the form M'S for some S € D’(R), by the results
of Méthée. Extend S to #, and call it S again. Then T — M'S is in D'(R"*1), is G-
invariant and has support in {0}. So it is of the form Y ;_, cx M’ By by Lemma A.3.5, for
some constants ¢y, . . . , ¢y, This proves the surjectivity of M.

Remark A.3.7. From the proof of Theorem A.3.2 we get

n n4+l1
(_},)(zn—fl)z §  ifniseven,
MBo =1 _ ufi
(_I)F(n—ﬂﬂ) § if nis odd.
2

These relations have been obtained earlier by De Rham. Notice that we also have:
M’ By, is proportional to 0k s, so M’'Bj, = oy [0k §. We leave it as an exercise to
compute o (notice that oy # 0).

A.4 Solutions in Jf,; of a singular second order
differential equation

For this section we rely on [27].

We begin with the radial part of (0 = —£C—22 + £C—22 + -+ 8‘1—22. If ® € C*(R),
then we have 0 ! "

(L®)oQ =0 (®0 Q)

2
where L = 4t % +2n+1) %.
Now consider the relation

/ f(x)®(Q(x))dx = / My (1) @(r) dt (A4.1)
Rr+1 —00

for f € D(R*T1), ® € C®(R).

Let L* be the differential operator 4¢ j—; —2(n —3) %. Then one has, for
f € DR™YY), My s(t) = L*My(¢) forall t € R. It follows immediately that
for f € D(R"*!) one has M £(t) = L*My(t) for t # 0, so L* leaves Jy
invariant. This can also be verified directly, using the explicit expression of L*.
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Moreover, L* is a continuous operator. Also this fact can be shown straightfor-
wardly applying the explicit expression of L*, but it also follows from the fact
that f +— My is not only continuous but also open, by the closed graph theo-
rem. Now we can extend the action of L to elements of J€,’7: if T € J(’,; then
(LT, @) = (T,L*¢) (p € Hy). If T is a distribution, this definition agrees with
the classical one if one takes ¢ € D(R). If ® € C?(R), then L® is the same
as usual, a continuous function again. Indeed, if Te € J€,/7 is the element of Jr’€,/7
defined by ®, then

(LTe, Mg) = (To, L*My)  (by definition) (A4.2)
o0

_ / &(1) LMy (1) dt

—0o0

= /Oo O(t) M (1) dt

- [ ETmeQw)dx
Rn—i—l

= /_Oo Mpg(t) (L®)(t)dt.

We shall now determine the solutions of LT = AT in J,, which is the same
problem as the determination of all G-invariant distributions To on R ! satisfy-
ing O 7Ty = ATp.

The second order differential equation

d?u

du
4t — +2n+1)— —Au =0
dr? +2n+ 1) dt

is singular at ¢ = 0.

For simplicity of the presentation we shall restrict from now on to the case n
even. )

Set u = "51, so that L = 4(t% + (u + 1)%). Since p is not an inte-
ger, we have the following two fundamental classical solutions on Ry: (¢, A, )
and |z|* ©(¢, A, —u). Here @ is an entire analytic function, namely ®(¢, A, u) =

Y 2o ar (A, w)ik with

(3)k

ag(A, pn) = O+ 0r

where () = F(%;r)k) =a(a+1)---(¢+k—1). The function ® can be expressed

in terms of Bessel functions, see Section 7.1 (ii).
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To proceed, let us recall the definition of the Partie finie Pf (see [43, p. 42]). One
defines
(o] 00 8—u+1 , 8—u+2
Pf H zdz:lim[/ tTHo(t)dt + ¢(0 + ¢ (0
| rrewan = tim [ [t o0 +00) g+ 00 S
(p(k)(O) 8—/L+k+1 :|
k' —u+k+171

where k is such that —u + k + 2 > 0, or, writing

o0 (1]
/ tTHo@)dt = Z e e MR L eo + 0 (1),
& k=1

one has Pf = ¢y.
Now define the following distributions on R:

(S;F.p) = /Ooo D1, A, ) @(r) dt, (A4.3)
Sy, ) = /_io D1, A, ) @(r) dt, (A4.4)
(T;F o) = Pf/ooot_“ O, A, —p) @) dt, (A4.5)
(T .9) = Pf/_(; [t|7* D, A, —p) @(t) dt (A.4.6)

for ¢ € D(R).
It T € D(R) is a distribution solution of LT = AT, then
T=aSF+bSy +cTf +dT; +To
for constants a, b, ¢, d and Ty a distribution with support in {O}. For the following
relations we apply the property
uL*e — (Lu)p = [p.u]’,

where [p,u] = 41 (¢'u —pu') — 4 u.
We have:
@ (L—X1)S; =48, (L—1)S; =46,
+ - _
®) (L=AN)T," =0, (L—A)TA =0,
(c) L§® = (w—k—1) sk+1)
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hence a fundamental system of distribution solutions is given by the three distri-
butions
+ - + —
Sy+Sy, T, T, (A4.7)

Now we determine fundamental solutions in J, where n(¢) = Y(¢) |¢|*. Clearly,

Sf, S;, Tf, T; can be extended to #; using the expressions (A.4.3)-(A.4.6).
We then get on #¢;:

(@) (L —M) St =+4ud,,
®) (L=MT; =0, (L=2)T;" =—4uBo,
(¢) LBy = c By forcg #0.

As to (c), apply Remark A.3.7. Indeed, the relation M’ By = oy 0ok § implies the
statement, since (0 M’ By = M’ L By,. Applying Proposition A.3.3 we now get

Proposition A.4.1. A fundamental system of solutions of Lu = Au in Jf,;, where
n)=Y(@k)|t|*, n= , 1 even, is given by S+ + S, and T,~

A.5 Expression of M 7 (A) in terms of Bessel functions

According to Section 9.1 (iii), the distribution u : f > MA (1) satisfies the differ-
ential equation (Ju = 472Au. So we may write

A
M?(4n_2) =a(A) (S + S (My) + b(A) Ty (My)

forall f € D(R"*1). Here a(A) and h(A) are constants, depending on A only. We
are going to determine a and b. The relation My, (1) = |u|"_1Mf(%) foru # 0,
where f,(x) = f(3,) (x € R"*1), easily implies the following form of a and b:
e a(d) =aq A" T (A>0), aA) =a_ AT b (A <0),
e b(A) =b4 (A >0), b(A) =b_ (A <0).
Here a4, a—, by, b_ are constants, independent of A. Since M? is continuous at

A =0, we get by = b_ = b. Moreover, from the general form of My it follows
that a_ = 0. Furthermore,

e as [ M0 di = F )

(see Section A.3), hence (27)" ! ay = co.
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Thus it remains to determine the constant . For A < 0 we have

o () =070,

for all £ € 8(R™*!). We are going to compute both sides of this equation with

f(x) = fo(x) = e=7I*I? Observe that f = f for this choice of f.

We apply the expression for M, (), previously derived in Section A.3 for ¢ < 0,

o0
My, (t) = e™* / e 2T 2 (y — t)% dw,
0
up to a positive constant. This integral can be computed. We obtain
My (1) =e™ p(—1) (1 <0)

n—2
where p(t) is a polynomial of degree %, pt) =73 ,2,a ¢! with

n=2 "
ay = ( 2 )(2n)—¥‘+’r(” LA

) 2

_ntl
So My, (0) = ap = (2n)~ =z I'(%h).
Now we can easily compute the right-hand side at A = 0:

0

Ty (Myg,) = /

We obtain Ty (My,) = 272

b= a()/do.

ey (% —m)(1 — 271)% =

o0
|t|™H My, (1) dt =/ ™ p(t)e ™ dt.
(o] 0

do. Hence



Appendix B
The Averaging Mapping on the Space X

B.1 Special case of a theorem of Harish-Chandra

Let X be the hyperboloid in R”*1 given by

—x%—i—x%—l—---—i—x,zl = 1.
It is a C*° manifold. The group G = O(1,n) acts transitively on X, and the
stabilizer H of e, is isomorphic to the group H = O(1,n—1). As in Appendix A,
set K = O(1) x O(n). Let Q be the mapping on X given by

0(x) = xp.

The mapping Q gives a parametrization of the H-orbits on X: Q(x) = ¢ is an
H -orbit for all # # +£1, while for t = %1 the set splits into two orbits.

Let X, be the space X without the points e, and —e;,. It easily follows that
Q is submersive on X,: if Q(x) = 0, then x, can be taken as one of the local
coordinates near x, whereas if Q(x) # 0 we can express x, in the coordinates
X0, X1,-..,Xn—1 and determine dQ (x). In all cases we easily get dQ(x) # 0 if
X € Xx.

We have the following immediate analog of Theorem A.1.1:

Theorem B.1.1. There exists a mapping f +— My from D(Xx) onto D(R) such
that for all continuous functions ® on R one has

[ rwewyax = [ Moo,
X R
Moreover Supp My C Q(Supp f) and f + My is continuous.

The proof is completely similar to that of Theorem A.1.1.

B.2 Analog of Méthée’s results

Our goal is to prove the analog of Theorem A.2.1 for the space X.

Theorem B.2.1. Let M be the continuous linear mapping from D(X) into D(R),
defined in Theorem B.1.1, and let M be the dual mapping from D' (R) into D' (X ).
Then M’ maps D'(R) onto the space of H -invariant distributions in D' (X ).



B.2 Analog of Méthée’s results 211

The proof is along the same lines as the proof of Theorem A.2.1; only part 1. needs to be
reconsidered. It reads:

There is a well-defined continuous mapping from D(R) to D(Xx), ¢ — o such that
My, = ¢.

By abuse of notation, let M be the subgroup of H isomorphic to O(n — 1), consisting
of the matrices of the form

S O =
— O O

0
m
0
with m € O(n — 1), and let A be the (Cartan) subgroup of the matrices

coshu 0 sinh u
ay = 0 I, 0
sinh u 0 coshu

withu € R. Set XT = {x € X : Q(x) > 1}. Then the mapping H/M x R% — X7
given by (h,u) + h - a, - e, is a diffeomorphism and the Haar measure dx on X is given
by ¢4 sinh” ! w dhdu, where d h is an H -invariant measure on H/M and c is a positive
constant. This follows easily by taking hyperbolic coordinates on X T.

Similar considerations hold for the space X~ = {x € X : Q(x) < —1}: the mapping
H/M xR} — X~ given by (h,u) — h-a, - (—ey,) is a diffeomorphism and we have
dx = c_ sinh" ' udhdu.

For the remaining part X° = {x € X : —1 < Q(x) < 1} we take another, compact,
Cartan subgroup B consisting of the matrices

Iy 0 0
bg=1 0 cos  sinf (0 <6 <2m),
0 —sinf cosf

and the subgroup M; ~ O(1,n — 2), embedded into H by

mi 0 0
m={|0 10 (my, € O(1,n = 2)).
0 0 1

The mapping H/M; x (0, ) — X‘f given by (h, 0) > h-bg - e, is a diffeomorphism and
dx = cq sin" ' @ dh,df, where dh, is now an invariant measure on H/M;.

Notice that Q(h-ay, - e,) = coshu, Q(h-a, - (—e,)) = —coshu and Q(h-bg -e,) =
cos 6.

We are going to construct the analogs of the functions ¥4, ¥_ and a new function V.

After the change of variables coshu = t, —coshu = t, cosf = ¢ respectively, the
Haar measure is equal to, respectively

et (P=1)"Tdtdh, c_ (> -1)"Tdtdh, co(1—1¥)"Tdtdh.

The definition of v is as follows. Take a function v in the space C°(H /M) such that
fH/M Y (h)dh = 1. Using for x € X the decomposition x = h-ay -e,, where u = u(t)
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is a function of ¢, we set for x € X T
n—2

Yy (x) = Yy (h-auey - en) = i Y () (2 = 1)7 2

= 'y (@) - )77

Then ¥4 is C*® on X T and My, (t) = 1fort > 1. In a similar way we define y/_
(on X7) and ¥ (on X°). Let now v+ € D(R) be such that v+ = 1 in some small
neighbourhood of 7 = +1, and let fi € D(X) be such that My, = v.. Then, following
the proof of Theorem A.2.1, we construct a function « with the required properties by

S+ + [ =ve Q)] Y4 (x) ifx e XT,

S+ (x) if Q(x) =1,

S+() + [T =vp (Q(x)] Yo(x)  if—1/2 < Q0(x) <1,

f~(x) + [T =v- (Q(x)D]Yo(x) if -1 < O(x) <1/2,

J=(x) if Q(x) = —1,

) +[T=v(Q)]Y-(x) ifxeX™.

Let now ¢ € D(R) and set g, (x) = a(x) ¢(Q(x)). Then o, has compact support in X
and My, = ¢. The mapping ¢ + «,, is continuous.

For the other parts of the proof (2. and 3.), we can just copy the relevant parts of the
proof of Theorem A.2.1.

a(x) =

B.3 Tengstrand’s results for X

To find the analog of Section A.3, we may choose two ways: either proceed as in
Section A.3, using explicit expressions for Mz (), e.g. forz > 1,

Mg (1) = const.(t? — 1)’12;l
o
X / f(V12 =1 coshu,0,...,0,vt2 —1 sinhu,t) sinh” 2 u du
0

if f is a H N K-invariant function, or applying Morse’s lemma. We prefer the
latter way, because it is applicable in more general situations where an explicit
expression for M (¢) fails. That lemma reads as follows. Let Y be a real analytic
manifold and f : ¥ — R an analytic function. Let yy € Y be a non-degenerate
critical point of f, i.e. df(yo) = 0 and the matrix (%(yo)) is non-degenerate,
where yq, ..., y, are local coordinates on Y near yg. Let (p, g) be the signature
of this matrix, which is independent of the local coordinate system. Then we have:

Morse’s lemma. There are local coordinates y1, . .., yn near yo such that f can
be written as

FO) =fGo)+ YT+ +yF— Yoy — = ya-
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For a proof, and ample explanation, we refer to [23]. Applying Morse’s lemma
with Y = X and f = Q, we find that dQ(x) = 0 if and only if x = e, or
X = —ey; moreover, both points are non-degenerate critical points with signatures
(1,n — 1) and (n — 1, 1) respectively. Indeed, this is easily seen by taking near e,
the coordinates xg, X1, ..., X,—1 and setting

0(0) = 1 +x3 —x}—-x2 .

Similarly for x = —e,. We thus obtain the following theorem, similar to Theo-
rem A.2.1.

Theorem B.3.1. The image of D(X) under the mapping M is the space Jty, con-
sisting of functions on R of the form

1) + 1 =D e2(t) + (=t =Dg3(r) (£ €R),
where @1, @2, 03 € D(R) and
Y(0)|t]"2°  ifnis odd,
n(t) = n—2 .
log|t|t 2 ifniseven.

Similar to Appendix A, this section can now be completed. Of course, we have
now, instead of the two functionals A; and By, four functionals with obvious

notations A](cl) , A](c_l), Blgl) and Blg_l). All these considerations result in an analog
of Theorem A.3.6:

Theorem B.3.2. The adjoint M' of M from ¥ into D'(X YH | the space of H-
invariant distributions on X, is a (continuous) isomorphism.

B.4 Solutions in J(’,; of a singular second order
differential equation

We follow Section A.4 step by step. The operator L we are considering here is the
radial part of the Laplace—Beltrami operator A on X (see 9.2 (iii)), that is

d? , d
az” "ar
Here L* = (l—tz)j—tzz+(n—4)t%+(n—2)and
u(L* @) — (Lu) g = [p,u]’,
where [p,u] = (1 —t?) (ug’ —u' @)+ (n — Dt pu, foru, ¢ € C(z)(]R{).

L=(1-1?
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We are going to determine classical fundamental solutions of the equation Lu =
Au (A € Q) first. Observe that this second order differential equation is singular
att = 1.

For simplicity of the presentation, we restrict ourselves to the case that n is odd.

Substituting 1 — ¢ = 2z we get the differential equation

2

d d
Z(Z—l)d—zgl+(nz—%)d—z+ku=0.

The same equation is obtained after substitution 1 + ¢ = 2z. This hypergeometric
differential equation has two fundamental solutions on (—oo, 1), namely

F(+. +.n.> d ||_HT_2F<+1. +l.2 n.)
201 | S ,O,SP,Z,Z an z 21S2,S2, 2,2-

Here we have written A = 52 — p2, p = 251,
So we have the following solutions of Lu = Au:

e on (—1, 00):

1—¢
W) =,F (s + p;—s + p; Z; —)

2 2
-\ "= | 1 1 —1
()(2) 2Fi(s + 515+ 5 7>

e on (—o0, 1):

141
V(1) =,F (s + p:—s + p; %; L)

2
n—2
_ 1+t 2 1 1 n 1+t
vED () = |— F — = -2 — = —).
) ( 2 21(”2 St 2)

These solutions meet on (—1, 1); one has (see [13])

D (1) = y1(s) DTV () + y2(5) ¥V (), (B.4.1)

and .
ey = L2 g0y ) w0y, (B.42)

y2(s)

r¢g)ra-%) r(Hra-4%)

where y1(s) = T(s+ )T (—s+1) and y2(5) = v T ip)-
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We now define the following distributions on (—1, 00):

(s, p) = /1 oW () g0 d,

1
(W gy = Pf/ oW (1) @t) dt,
-1

w P
(™ ) = pt / WO (1) o) dt.
1

1 —
(TW ) = Pf/ VD (1) o(1) dt.
-1

In a similar way we define Si_l), S, Tj__l), 7D on (—o00, 1). For instance,

_1 _
(SEV p) = / V(1) o(1) dt.

oo

Any distribution solution of LS = AS can be written as
S = 01154(:) + OlzTJ(rl) +a38SW + agTD + @58V 4 a7 + 1

on (—oo, 1) and (—1, co) respectively, where Ty is a distribution on R with support
contained in {—1, 1}.

Observe that in the computation of LS®™ — ASM and LTD — ATM near
t = —1, we have to apply the expressions (B.4.1) and (B.4.2).

We now proceed as in Appendix A and obtain, finally:

Proposition B.4.1. The space of solutions of LS = AS in J€,’7 is two-dimensional.
Fundamental solutions are given by

. S_(i_l) + SD with its natural extension as y1(s) (S_(i__l) +SEDY 40 (s) Tj__l)

to (—oo, 1).
o TW with its natural extension as 1_),7;'(8)2 (S_(,__l) + SED) — y1(s) T_f__l)
to (—oo, 1).

The proof is left to the reader as an exercise. We shall call these solutions S,
and T), respectively.
One might simplify the formulae (B.4.1) and (B.4.2) slightly by using
n—1
'3 T(1-3)=(=1)2 7 (neven),
T+ )T +3) =%

And herewith we finish Appendix B and the book. Further reading? We recom-
mend [53].
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